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ARCING VOLTAGES IN MERCURY VAPOR AS A FUNCTION 
OF THE TEMPERATURE OF THE CATHODE. 


By T. C. Hess. 


SYNOPSIS. 


Low Voltage Arcs in Mercury Vapor.—One of the objects of this work was to 
study the production of the low-voltage arcs in a more uniform mercury-vapor 
atmosphere than had been used before. As a result of improved apparatus much 
more consistent results have been obtained. It has been shown that there is a 
linear relation between the striking voltage and the current through the cathode 
for the larger currents. This in turn has been shown, in the case of platinum 
coated with lime, to mean that the striking voltage forms a linear relation with the 
temperature of the cathode. The results further suggest that the difference between 
the potential at which ionization takes place and the accepted ionization potential 
is directly proportional to the absolute temperature. Results with Tungsten Cath- 
odes.—In line with the above it has been shown that tungsten cathodes produce 
lower arcs than lime-coated platinum cathodes. A striking voltage as low as 
3-2 volts was obtained, the lowest for platinum coated with CaO having been in 
the vicinity of 4.9 volts. Effect of Thickness of Oxide Deposit on the Cathode.—It 
has been shown that the thickness has an effect on the value of the striking voltage. 
A thinly coated platinum cathode produced an arc at a potential as low as 6.0 
volts whereas a thickly coated one produced an arc as low as 4.9 volts. Effect of 
Hot Anode.—A hot anode used with a thinly coated platinum cathode has been 
found to produce a lower arc than when the anode was not heated. Discussion of 
Results.—The results are briefly discussed but no definite theory is offered to explain 
them. 


TN two previous papers! I have shown that mercury vapor can be 

ionized at potentials as low as about 5 volts. These results which 
were somewhat contradictory to those of McLennan and Henderson? 
have since been substantiated by McLennan.’ As the type of apparatus 
used in my previous experiments was considered unsatisfactory for the 
better understanding of the relations between the various factors involved 


1 Puys. REv., Vol. 9, p. 686, 1916, and Vol. 11, p. 170, 1918. 
2? Proc. Roy. Soc., A, Vol. 91, 1915. 
’ Proc. Phy. Soc. Lon., Vol. 31, Dec., 1918. 
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in the production of the low ionization, I have constructed and used 
the following apparatus. . 

The glass tube A, Fig. 1, about 2.5 cm. in diameter, was cemented 
with Khotinsky cement to the base BB which stood on the shelf SS. 
Through the plug P three holes were bored—one to admit the barometer 
tube ¢ and the other two to admit two electrodes for conveying the 
current to the cathode c. The anode, a, was attached to an aluminum 
cylinder which was inserted in the side tube m. Electrical connection 
was made between the anode and the mercury in the tube R by a platinum 
wire which passed down the tube U. The apparatus could be evacuated 
through the tube U as indicated in the figure. The upper part of the 
apparatus was surrounded by an asbestos furnace containing a glass 
window. The furnace was heated electrically. By the use of this 
apparatus a uniform mercury-vapor atmosphere could be obtained 
around the anode and cathode. The pressure of this vapor could be 
obtained by raising the reservoir Y until 
the mercury stood in the tube U. The ap- 
paratus was evacuated by means of a Toep- 
ler pump and the pressure of the remaining 
gas was measured with a McLeod gauge. 
During the process of “‘heating up”’ of the 
apparatus and of the cathode a great deal 
of gas was given off. Pumping was con- 
tinued, however, until the pressure was of 
the order of .oo1 cm. In order to obviate 
the collection of this gas in the apparatus 
A, the mercury in R was not allowed to 
shut off the tube U. As is evident, the 
evaporation of mercury in the tube A and 
its passage out through U rapidly clears 
the tube A of any foreign gases. The ther- 
mometer T had its bulb placed below the 
level of the surface of the mercury in A and very near the outside of 
the tube. 

The cathode, unless otherwise stated, was of platinum foil about 
.0025 cm. in thickness. Various widths were used but the length was 
about 2.0cm. Either CaO or SrO was placed on it. The anode A was 
either platinum foil or platinum wire. 

It was soon found that much more consistent results could be obtained 
with this apparatus than with the previous type. With my earlier 
apparatus I found that it was necessary to have the pressure, as read 


co 
) 
i 
iy 
Wi 
1] 
1 
ia 

















Fig. 1. 
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by a McLeod gauge, at a particular value in order to get the lowest arcs 
and that a greater or less pressure increased the value of the arcing 
voltage. With the present form I found that the pressure of the mercury 
was of less importance. It still had to be above a certain minimum 
value: but, aside from that, no great care had to be exercised. If the 
thermometer read anywhere between 170 and 220° C. the results were 
practically the same. This gave a vapor pressure of the order of 1-3 cm. 
of mercury. 

As in the previous work so here it was found that the electronic density 
was important. Low temperature cathodes would not give low arcs.. 
As the temperature of the cathode rose, however, the striking voltage 
dropped rapidly until a further increase had only a small effect on the 
striking voltage. This is brought out by Fig. 2 which gives the results; 


fa 


Striting Voltage 
~n Nn © _.. 


a2 13 / 
Amperes through Cathode 


Fig. 2. 


for two different cathodes rather heavily coated with CaO. I mention 
the thickness of the CaO coating as I am of the opinion that it makes a 
difference. In my previous work on the mercury arc I used heavy 
coats of BaO on the cathode. 

It will be noticed that the lower parts of the graphs approximate 
more or less to straight lines. The straightness of this part of the graphs 
I have examined closely and find that in a great many cases it seems to 
be straight within the limits of observation. Had I taken care to glow 
well the cathodes used in Fig. 2 before I made those observations the 
lower part of the graphs, I have no doubt, would have been straight. 

In order to obviate the correction and uncertainty due to the drop 
in the cathode I arranged a revolving commutator so that the cathode 
was heated intermittently, and the potential between the anode and 
cathode was applied only when the cathode current was off. In the 
use of the commutator the greatest care was exercised to prevent the 
potential being applied even for an instant while the cathode current 
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was flowing. The current was made and broken 60 times per second 
and the potential was applied a like number of times. This method is 
not favorable for studying the weak arcs produced with low temperature 
cathodes hence that end of the graph is not shown. Fig. 3 gives the 
results obtained with such a commutator when the cathodes were rather 
heavily coated with CaO. The two graphs are for separate cathodes. 
The graphs of Fig. 3 suggest that there is no significance, as far as 
these experiments go, in the potential difference of 4.9 volts. As a 
matter of fact it was only on rare occasions that I got an arc as low as 
4.9 volts with the present apparatus. And it should be stated that in 
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Fig. 3. 


the experiments recorded in Figs. 2 and 3 the cathodes were heated 
until they melted. 

The graphs in Fig. 3 also suggest the idea that if the current could be 
still further increased the striking voltage would keep on decreasing in a 
linear manner with the current. I attempted to follow this line of 
reasoning by using tungsten coated with CaO but owing, apparently, 
to a chemical change between the tungsten and the CaO I was unsuccess- 
ful. With tungsten alone, however, I found that I could get the arc 
to strike at voltages much lower than I had obtained before. I am not 
prepared at present to say what is the lowest voltage at which an arc in 
mercury vapor using a tungsten cathode can be made to strike but I 
have got it as low as 3.2 volts. This was obtained with the commutator 
so that there is no uncertainty from cathode drop. Further I found 
that there was a linear relation between the current through the cathode 
and the striking voltage as was the case for platinum cathodes. It 
should be stated that the tungsten used was in the form of a strip as 
nearly as possible to the size of the platinum used. Fig. 4, graph a, 
shows the results for one cathode: Although only three observations 
were made before the cathode melted, it will be seen that they lie very 
close to a straight line. With the commutator I have found it impossible 
to make observations on arcs when I used low-temperature cathodes. 
Fig. 4, graph b, however, gives the results with a tungsten cathode 
heated without the use of the commutator. In order to approximate 
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the correcticn for cathode drop the cathode was constricted at the center 
so that only that portion of it was highly heated. It will be noticed 
that the upper portion of the graph is very steep, as was the case for 
platinum, and that then the graph becomes straight. The lowest 
striking potential observed was 3.9 volts but the cathode melted at 
about 30 amperes before other observations were made. If the straight 
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Fig. 4. 


portion of the graph is produced, however, it reaches about 3.2 volts at 
30 amperes. 

I have already suggested that the thickness of the oxide deposit on 
the cathode affected the value of the striking voltage. I had always 
followed the practice, unusual I think, of coating the cathode rather 
heavily. This was done by putting small pieces of the nitrate on the 
cathode and then heating them. In endeavoring to determine the 
effect of impurities in the oxide on the value of the striking voltage I was 
led to use much thinner deposits. I found immediately that there was a 
considerable change. In fact, it was found that the lowest striking 
voltage for thinly coated cathodes was in the neighborhood of 6.0 volts. 
This is shown in Fig. 5 which gives the data for two separate cathodes. 
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Fig. 5. 
In both cases the current was increased until the cathode melted. The 


two curves also show the variation caused by different treatment of the 
cathodes. In the case of the upper graph the cathode was used for the 
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first time, whereas in the case of the lower graph the cathode had previ- 
ously been heated to a high temperature and well freed of gas. In 
neither case was the commutator used but as only a small spot of CaO 
was used a fairly close correction for drop in the cathode could be made. 

Fig. 6 gives a comparison between the results obtained with two 
cathodes, one more heavily coated with oxide than the other. The two 
cathodes were initially of as nearly the same dimensions as they could 
be made. The commutator was used in both cases. The thinly coated 
one melted at about 25 amperes whereas the more heavily coated one 
melted at 27 amperes. In the latter case when the current was first 
brought to 27 the striking potential was 5.5 volts but as time elapsed 
the striking potential dropped lower and lower until it reached the 
minimum of 4.8 volts. Shortly afterwards the cathode melted. 

In some cases with coated cathodes the low striking voltage is only 
temporary. In one particular case, for instance, while studying the 
effect of vapor pressure on the striking of the arc, the arc suddenly 
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Fig. 6. 


began to strike lower and lower until it reached 4.8 volts. The next day 
I obtained with the same apparatus a minimum of 5.8 volts just before 
the cathode melted. 

The graphs given in Figs. 2-6 show quite conclusively that for the 
higher temperatures and for the cathodes used the striking voltage is a 
linear function of the current through the cathode. As the cathode 
current itself is not the important factor, these results suggested that 
there might be a simple relation between the striking voltage and the 
temperature of the cathode. Rough experiments in which I used the 
melting points of various salts and metals convinced me that the tempera- 
ture of the cathode was, at least roughly, a linear function of the cathode 
current. It may be of interest to state in passing that the same appar- 
ently holds quite closely for a platinum wire in free air. This will be 
seen if the results of Langmuir given on page 413, Vol. 34, 1912, of the 
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PHysICAL REVIEW, be plotted. The article referred to is on the con- 
duction and convection of heat in gases. 

To measure the temperature of the cathode more accurately I deter- 
mined the resistance of a portion of it at two known temperatures, and 
then made use of the fact pointed out by Langmuir that the temperature- 
resistance graph for platinum is straight above 1100° C. As I found 
that I could use the melting points of NaCl and K,SO, most satis- 
factorily, I used these two temperatures, viz., 801° C. and 1070° C., 
and drew a straight line through them. This, of course, gives too low a 
value of the temperature for points above 1100° C. To correct for 
this, approximately, I drew another straight line between 1070° C. and a 
point which was 20° C. above the first line at 1900° C. This correction 
would vary somewhat with the platinum used but seemed from a study 
of the temperature-resistance curve for platinum to be somewhere near 
the truth. 

The resistance of the portion of the cathode used was determined by 
measuring the current through the cathode with a standard 0.1 ohm 
resistance and a potentiometer, and the drop across the portion used 
with a potentiometer. For the latter purpose two fine pin holes were 
made in the central part of the cathode about 0.5 cm. apart. Through 
these holes fine wedge-shaped strips of platinum foil were inserted until 
they were tight. The ends of these strips were cemented with platinum 
chloride to platinum wires and these wires led to the potentiometer set. 
The part of the cathode between the potential leads seemed to have a 
fairly uniform temperature. Small bits of fused sodium chloride and 
potassium sulphate were then used to find, in the usual way, the resistance 
of the cathode at their melting points. The results obtained for one 
cathode are given below: 


.05206 
05177 
.05204 
.05226 


“Mean .05203 


Substance. Amperes. Resistance. 





5.710 .06152 
5.737 06151 
.06160 
.06152 
.06 
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With these two resistances and their respective temperatures the 
temperature-resistance graph was obtained as indicated above. 

Having obtained the above data a small thin spot of CaO was placed 
at the center of the cathode. This no doubt changed the temperature- 
resistance characteristics of the cathode, but the method was deemed 
better than the one in which the graph was obtained after the CaO was 
placed on the cathode. Of course, it was impossible to use the com- 
mutator in determining the striking voltage for any particular tempera- 
ture and hence an uncertainty is introduced in correcting for cathode 

.drop. As the spot of CaO was placed at the center, the correction was 
always taken as equal to one half the drop over the cathode. The fol- 
lowing table contains the data obtained for the cathode whose resistance- 
temperature data was given above. The cathode was well heated before 
these observations were made. 








Amps. Thro. P.D. | Resist- | Temp. of Obs’d Str’k’g Cathode and | Corrected 
thode. Volts. § ##ance | Cathode. Voltage. Lead Drop. | Str’k’g Volt. 








6.197 | .4433 0716 | 1630K 6.25 181 | 7.16 
6.519 | .4757 .0729 1670 “ 5.90 1.95 6.83 
7.046 | .5313 0754 1740 “ 5.50 2.15 6.58 
7.703 | .6036 .0783 1818 “ 5.15 2.40 6.35 
8.210 .6632 .0807 1890 485 | 2.59 6.15 
8.576 7017 | .0818 1925 4.70 | 2.72 | 6.06 














The cathode melted shortly after the last observation was made. Both 
amperes and volts were observed with the aid of the potentiometer sets 
and are more accurate than necessary. The resistance has been calcu- 
lated with a slide rule. 
The relation between the temperature of the cathode and the striking 
voltage is shown in Fig. 7, lower curve. The upper curve is from data 
3 obtained with an entirely different 
athode. Both graphs show that 
there is a linear relation between 
the temperature of the cathode and 
the striking voltage of the arc. I have 
_— jee not data enough yet to say whether 
Temp. of Cathode -K 

; or not these two graphs should be 
acti coincident but there is a good pos- 
sibility that such should be the case as the errors arising from cathode- 
drop correction, temperature determination and effect of CaO thickness 
might easily, I think, explain the difference. If these two lines be ex- 
tended to cut the T = O axis they do so at V = 11.2 and V = 14.0 
volts respectively. These two values are sufficiently close to the ioniza- 

tion potential of mercury vapor, viz., 10.5, to be, at least, suggestive. 
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I have already pointed out that the lowest striking voltage for mercury 
vapor with a platinum cathode thinly coated with CaO is in the neighbor- 
hood of 6.0 volts. The data I have at present suggest a slightly higher 
value. And I have also pointed out that the striking voltage for mercury 
vapor with a tungsten cathode near its melting point is 3.2 volts. If 
these two voltages be plotted against their corresponding absolute 
temperatures, viz. 2028 and 3540, and the straight line drawn through 
them be produced to cut the T = 0 axis a value of 9.8 volts is obtained. 
This value is not very different from the ionization potential of mercury 
vapor. 

Now these data, admittedly imperfect, show that there is a linear 
relation between the striking voltage of the arc in mercury vapor and 
the ‘temperature of the cathode for the higher temperatures. They 
further suggest that the decrease in the ionization potential is directly 
proportional to the absolute temperature, 7.e., that the relation between 
the striking voltage and the absolute temperature of the cathode can be 
expressed by the equation V = 10.5 — kT, where k is a constant. If 
the values for V and T at the melting point of tungsten be substituted in 
this equation a value of k is obtained viz., .0021 volts/degree. 

These results do not seem to admit of any simple explanation although 
at first sight they appear to do so. The fact that the decrease in the 
potential at which ionization takes place appears to vary directly with 
the absolute temperature of the cathode suggests that this decrease is 
due to the velocity of emission of the electrons. Although it has been 
shown that the velocity of emission of the electrons is directly propor- 
tional to the absolute temperature, yet it has also been shown that the 
velocity is that of thermal agitation and hence would not be equivalent 
to more than a fraction of a volt at the temperatures used. 

As the mercury vapor in contact with the cathode must be very 
nearly at the temperature of the cathode, it is evident that the absolute 
temperature of the former would be directly proportional to the decrease 
in the striking voltage. But the same objection holds for this case as 
held for the previous one. The increase in the energy of thermal agita- 
tion of the molecules per degree is only about one sixteenth of the energy 
increase necessary to explain the phenomena. 

A few experiments were performed to ascertain if possible whether 
the cause of the low arc depended on the temperature of (1) the cathode, 
(2) the vapor, or (3) the anode. For this purpose the minimum striking 
voltage, i.e., the striking voltage just before the cathode melts, was 
determined for cathodes of widths varying from approximately 0.5 mm. 
to'7.0 mm. These experiments led me to believe that there was no 
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relation between width of cathode and the striking voltage. The 
values obtained for all cathodes with thin spots of CaO on them were 
in the neighborhood of 6.0 volts. As the wider cathodes required very 
much larger currents to heat them, this would appear to show that it is 
the temperature of the cathode which is important and not that of the 
vapor or anode. As, however, no temperature determinations were 
made these experiments are not conclusive. 

Some further experiments were made with a hot anode. For this 
purpose two commutators connected to the same revolving shaft were 
used. By this means the anode and cathode could be heated simul- 
taneously and the voltage between the anode and cathode could be applied 
when no current was passing through either anode or cathode. Further 
by opening the appropriate switch the anode could be kept cool while 
the cathode was still heated. The only experiments I have performed 
with this arrangement of apparatus were those in which I used platinum 
electrodes. The cathode contained a small thin spot of CaO at its center 
and was separated 2-3 mm. from a clean platinum anode. Under these 
conditions I found that with the anode hot the striking voltage was in 
the vicinity of one volt lower than when the anode was cold. The fol- 
lowing data may make it clearer: 


Striking Voltage with Striking Voltage with 
Anode Cold. Anode Hot. 
DEMIR 554650 eeGaeee aa redemea seuss 5.4 
BN gai 15 Asircncy nous Ge esebl sy dos da eae its bike a aie 5.2 
wih phal ot eaha pike aida ata ms Rooke aie ae 5.05 


It may be necessary to point out that the different striking voltages 
with the anode cold were obtained by passing different currents through 
the cathode. 

From these data it will be seen that the heated anode causes a lowering 
of the striking voltage of about 1.3 volts. Further experiments on these 
very interesting phenomena developed the fact that although the striking 
voltage was lowered by the hot anode the amount of lowering was 
increased by shutting off the current through the anode. Parenthet- 
ically, I may add that I think that this effect is due to the change in 
density of the mercury vapor between the anode and cathode. This 
state of affairs, however, lasted only a short time and then the striking 
voltage gradually rose to its old value. Thus with the anode cold the 
arc struck at 6.7 volts in a certain experiment. The anode was then 
heated and the arc struck lower (I have not recorded the value in my 
notebook), but it struck still lower, viz., at 5.05 volts, immediately after 
the anode current was shut off. The striking voltage then rose slowly 
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to 6.7 volts. It was found that the amount the striking voltage was 
lowered increased with the temperature of the anode. Also, within 
limits, a short period of heating did not cause as low an arc as a longer 
period. Continued heating beyond a certain maximum of time did not 
further affect the striking voltage. Continued low heating did not 
accomplish as great a drop as continued high heating. The lowest 
striking voltage I obtained during the above experiments was 4.95 volts. 
It will be noticed, therefore, that a platinum cathode with a thin patch 
of CaO on it can, with the aid of a hot anode, produce an arc about as 
low as I have obtained with a thickly coated cathode without a hot 
anode. Whether these two phenomena are produced by the same causes 
or not, I am unable to say. 

At this point I was forced to drop the experiments for a considerable 
time but it was thought that the results would be of interest even in this 
unfinished state. 

The results embodied in this paper do not appear to me to have any 
simple interpretation. As long as the striking of the arc was obtained 
at a value equal to or higher than 4.9 volts it seemed possible that Van 
der Bijl’s theory of multiple collision in terms of the Bohr atom might 
be the correct explanation. But even this explanation has been shown 
by Compton! to be doubtful. That the density of the electron stream 
is very important I have shown previously. This is also shown by 
Fig. 2. As the temperature of the cathode rises from red heat the 
striking voltage drops rapidly at first as would be expected if density of 
electron emission is important. But for the lower part of the graph 
entirely different phenomena seem to be operating. For this part of 
the graph it seems possible that space charge might be influencing the 
results but, if so, apparently in no simple manner. When the arc 
strikes, the operating voltage is still lower, which is also in line with the 
idea that space charge is active in these phenomena. In this connection 
I may state that I have had an arc operate with tungsten cathodes as 
low as 1.7 volts. 

In order to explain the striking of the arc at potential differences con- 
siderably lower than 4.9 volts and possibly for the explanation of low- 
voltage arcs it would seem as if one would be forced to assume inelastic 
collision and gradual accumulation of energy in the atom. 

There are other factors, however, which, I believe, have to be con- 
sidered, such as contact potential difference and impurities. I have 
previously shown that if sodium or potassium are present with mercury 
the arc strikes and operates lower than with pure mercury and that the 


1 Puys. REv., Feb., 1920. 
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lines of the sodium or potassium may not appear. I have also tried 
putting a little sodium hydroxide or potassium hydroxide with the CaO 
on the cathode. The sodium hydroxide causes the arc to strike at 5.0 
volts whereas the potassium hydroxide causes it to strike lower than 
5-0 volts. In the first case the D lines of sodium appear with the mercury 
lines, in the latter case only the mercury lines appear. 

The results with the hot anode suggest that something in the nature 
of an impurity has been evaporated from the anode, and hence changed 
the contact potential. The fact that it takes some minutes for the 
striking voltage to regain its former value when the anode current is 
shut off would lead one to think that some deposit is accumulating on 
the anode. It may be, however, that the extra heat has changed the 
internal energy of the mercury atoms. I have tried, also, to picture a 
redistribution of current in the cathode due to the heat from the anode- 
As the hot lime has a negative temperature-resistance coefficient it might 
be possible for the calcium oxide to carry more of the current when 
heated by the anode and hence be at an even higher temperature than 
the platinum of the cathode. If such is possible this would also explain 
the lower arcs obtained with thickly coated cathodes. However, even 
if this were found to be true it would not be an explanation of the pro- 
duction and operation of these low arcs. 
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THE CALCULATION OF DETECTING AND AMPLIFYING 
PROPERTIES OF AN ELECTRON TUBE FROM ITS 
STATIC CHARACTERISTICS. 


By G. BREIT. 


SYNOPSIS. 


Calculation of the Detecting E ficiency of an Electron Tube.—The detecting efficiency 
of an electron tube is calculated. In the calculation it is assumed that experi- 
mental knowledge of the static characteristics of the tube isavailable. The constants 
of the circuits used with the tube are also taken as known. From these quantities 
the average change in the plate current for a given amplitude impressed grid voltage 
is derived. The impressed grid voltage is taken to be of the form A cos wt where A 
is constant. The case when A varies slowly is also discussed. 

Calculation of the Input Impedance of an Electron Tube.—The input impedance of 
an electron tube is calculated for the case of both positive and negative grid voltages, 
no assumption being made as to the mathematical form of the tube characteristics. 

Generalization of the Concept of Internal Resistance and Amplification Factor.— 
The concept of the complex internal resistance is introduced in treating the ampli- 
fication due to a single tube. This quantity is defined by 

Ew = : . ’ 


ee 


* (es) 
jCw 


where rp is the internal resistance, Cz the grid plate capacity, j = V—1, and 
w/2m = frequency. Similarly the amplification factor is generalized. (See (4.3)). 
Condition for the Vanishing of Incoming Signal.—The condition for the vanishing 
of the incoming signal has been worked out. For the case of zero grid current 
this condition is just satisfied by tubes obeying Van der Bijl’s relation. 
It is also seen that the condition is not satisfied by the values of plate circuit 
constants predicted from the simple theory neglecting internal capacities. 


HE first rigorous calculation of the detecting action of an electron 
tube is to my knowledge due to Carson.! Carson treats the 
special case of an electron tube used with sufficiently high negative 
grid voltage to make the grid current zero. He does not take into account 
the possibility of having a different value for the resistance of the plate 
circuit at high and low frequencies, as is seen from his formula. He also 
confines himself to the consideration of an electron tube for which Van 
der Bijl’s relation holds for the plate current in terms of the plate and 
grid voltages. 
The following treatment concerns itself with an electron tube having 


4 See Carson, Proceedings of the Institute of Radio Engineers, Vol. 7, April, 1919. 
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three electrodes: (1) A cathode consisting usually of a wire heated to 
incandescence by an electric current. (2) An anode which is usually 
made of a flat or cylindrical metallic plate and (3) a wire control or grid 
which is placed between the cathode and the anode. 

In what follows I shall refer to the cathode as the filament, to the anode 
as the plate, and to the intermediary electrode as the grid of the tube. 

The filament of the tube has two terminals which are used to heat the 
filament. It is clear that when the filament is heated by the passage of 
an electric current through it the potential of its two terminals is different. 
For this reason when the filament is used as a cathode we cannot speak 
of the potential of the cathode as a whole. However, if the filament 
current is known and if the potential of one of its terminals is known the 

| grid plate potential of all the remaining points of the fila- 

filament ment is determined uniquely. We thus choose 
arbitrarily as our standard the potential of one 

of the terminals of the filament and we shall 

i) refer to it as the potential of the filament. The 

ig lp grid and plate may in all practical cases be re- 

garded as equipotential surfaces. The terms 

‘“‘srid potential’’ and ‘plate potential’’ are thus 
clear. The difference between the potential of the grid and that of the 
filament we shall call Eg; similarly the difference between the potential 
of the plate and that of the filament will be denoted by £,. 

Experiments with direct currents show that two quantities E,, E, 
determine completely the currents which flow from the grid and from the 
plate inside the tube. If these currents, reckoned positive in the direc- 
tions shown on Fig. 1, be called J,, Jp respectively we can write, 


Ee = f(E,, E,), 
I» = g(E,, E,), 


Fig. 1. 


where f and ¢ are functions of the two arguments E, and E,. The form 
of these functions can be determined mathematically with fair precision 
forsome tubes. The general action of the tube, however, can be predicted 
without having an accurate knowledge of the mathematical law connect- 
ing I,, I, with E,, E>. 

We shall assume in what follows that these functions f and ¢ have 
within the range considered a first, second and third derivative, all of 
these being finite and single valued, and the function itself with its first 
two derivatives with respect to each argument being in addition con- 
tinuous. 

We shall also assume that even for unsteady currents the equations (1) 
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give values of J, and J, which represent the current carried by conduction 
by the ions inside the tube provided E,, E, denote the instantaneous 
values of the grid and plate potentials. (The filament potential is taken 
as zero.) 

Before proceeding with the mathematical development of the problem 
I must point out the limitations put on this development by the physical 
assumptions made. There is no doubt that all of the functions considered 
are finite and single valued. The differentiability of the functions can 
be doubted in some cases especially in that of the grid current. Thus 
it is known that there is an essential distinction between the behavior 
of the grid current for positive and negative grid potentials. The grid 
current for negative potentials grid is zero to all intents and purposes. 
Thus at E, = o one would be unable to define the derivative: 0J,/dE,. 

Fortunately this difficulty is only formal in character because a suffi- 
ciently close examination of the static characteristics shows that there 
is some grid current even for negative grid potentials. So that d/,/dE, 
always exists. Thus we will be safe to apply our theory provided we 
shall recognize by means of our instruments currents and potentials so 
small that d/,/d0E, is continuous. 

Another possibility of a break down in the theory is offered by our 
second assumption. In fact it is conceivable that the space inside the 
electron tube may have a resonant frequency. This frequency may be 
fixed by the dimensions or shape of the space between the electrodes. 
If such is the case J,, J, are no longer single-valued functions of E,, E, 
when unsteady currents are considered. In fact one would expect to 
have here a dependence of J,, J, either on dE, /dt, dE,/dt or on the previous 
history of E,, E>. 

Such resonant effects have been described by R. Whiddington'. They 
come into play, however, at frequencies very 
much higher than those ordinarily employed 
in wireless telegraphy. Also these effects are 





practically absent in high vacuum tubes. T _" 


Thus here again we have a wide range within 
which our theory applies. In many cases 
electron tubes are used as detectors in di- Fig. 2. 

rection finder circuits. If such is the case 

they are connected across the terminals of the tuning condenser the 
connections being as in Fig. 2. In this type of connection the electro- 
motive force is induced in the coil. The reader will see without difficulty 
that this circuit is a special case of a slightly more general one drawn in 








1-Radio Review, I, 53, 1919. 
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Fig. 3. Here e represents the place where the electromotive force is 
induced; Zg’ takes the place of the direction finder coil; Zg’’ replaces 
the tuning condenser. For generality Zg was introduced into the circuit 
so as to include the possibility of a blocking condenser and grid leak. 
The capacities c,, ce represent the effective capacities between the elec- 
trodes. There is, of course, a third capacity between the filament and 
plate. But this can be incorporated as part of the circuit Z,. The 
diagram of Fig. 3 includes most of the circuits which are used with 
electron tubes. The only essential type of connection left out is that 
in which there is inductive coupling between the plate and grid circuits. 


NOTATION. 


We shall distinguish between the behavior of the various circuits 
Zg, Zg', Zg'’, Z, at different frequencies. Thus we shall not assume 
that a definite resistance can be assigned to any one of these, because 
experiments show that such an assumption is illegitimate. Since it is a 
difficult matter to give in general the relation between the properties 
of an electric circuit at various frequencies we shall content ourselves 
by taking the impedance [meaning thereby R + jX(j = V—1), R 
denoting the resistance, X the 
reactance] of a circuit asa func- 
tion of the frequency which is 














© i I ” & known either experimentally or 

| s u | | : by computation. These complex 

[| i, | | values of the impedance at 

S frequency w/2m7 we shall write 

pies Igrisrt, Ban Seer Sen Ean CC. Tee 
[grin tity ‘a real part of these expressions 
. Su Li (i.e., the resistance) will be writ- 
A, i C2! ten R,., Rew, Row Re and 





eo- - » the imaginary part (i.e., the re- 


actance) will similarly be de- 

noted by Xu, Xo» Xow» Xpw- 

Fig. 3. We will not be concerned in 

this problem with transient phe- 

nomena. If therefore the impressed electromotive force is periodic or if 

it consists of a sum of several periodic electromotive forces all the cur- 

rents are periodic or are sums of periodic functions the periods of the 
electromotive forces and the currents being equal. 

It is convenient for the mathematical treatment to represent the cur- 

rents and potentials as Fourier series. 
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We shall first treat the case when the electromotive force impressed 
(e) is of the form A cos wt. Then all the currents and potentials must 
be Fourier series in wt. Thus any one of these quantities is of the form 

























bo + 5; cos wt + be cos 2wt + +--+ + a; sin wt + ae sin 2wt + --- 
= bo + L(bm COS mwt + dm» sin moat) 
= bo 4. >B,,e7"™™, 


where 
Br, = Van? + by2e7! 8" Gail 


and where the real part only of the expression on the right is to be taken. 
Using this complex notation we can write 


1, = 11, mwer™! 


and similarly for all other currents of Fig. 3. 
We shall now express the quantities 


E,, E, in terms of I,, J, and e. 
We have 


TowZ o'w om e. _ Z gral ow + Toy on hie — Tow) 


tie - - | p 
= 5c, aid Law Lox + lew hie) 

ea ae " in, tn : 
Zou(l pu ac Io) —- > aa Zouw(L ow + lan — Tie) 





Cw 


where the currents are as on the figure the positive directions being those 




















of the arrows. (The currents are written to satisfy the first of Kirchhoff’s 
laws.) Solving these equations we find 
. = —2,Z oat TywSze Stu 
on = = = 
Z ‘ow Z "wy = bas 4 
oe + e* + Sy, Sit (Zp =) Eee +Zor +Szjc,w) 
Joi 
(a3 
ZewtZere, = Sa. 
© “Ee 45.) ot lmt a Sia) 
jew jee @ Lee +Zere + Se, jor 
& Loe —Tyu See — = 
1 * pol pe 
= Za +Zon +jcwSe, 
12 = S, , 
ae +Z Pw +— . “7 
jee @ Loe +Z gn + Soy jew 


where S.,, =Z ae ve + | a ve + Z me ow. The complex expression 
for E,., is obtained as 7;/jc,w while that for E,, is t14/jo1w + %2,/jc2w. 
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Performing the calculation we find 




















G1) E,. = Gude + Goole + Gouloun 
I.I -_ on a © 
| Ome wie Pubs + Poul ou + Provl gu 
where 
Zz (Z = $ (Z 4 x.) 
“ ow Pw Tie _ 2w Pw jcqw 
Gis = .Y ’ Gow - = ’ 
A, pail A. 
‘ia SauZ 
a ae 
(1.2) P,, = Zoe pe ii nal Sul py 
A. A, 
— — ¢, — Ce a | 
_ — Zoe) S20 Ce "™ jlow | 
Pre. = A. ’ 
where 


A, = 5. (1 +2 4jZncw)+ Zea! + Zest”) (Ze +x). 


Je2w 


We called the impressed electromotive force A cos wt. To each value 
of A there corresponds a definite plate current. It is clear that if A = 0 
the plate current is steady. Similarly the grid current is steady. Let 
these values of grid and plate current be J,,, Ip, respectively. For a 
value of A distinct from zero 


I, = Iq, + Aly, ° 

I, = Ip + Aly, 
where AJ,, AJ, are Fourier Series in wt. We shall thus write 
AI, = bo + b; cos wt + be cos 2wt + +--+ + a; sin wt + a2 sin 2wt + --- 
AI, = Bo + Bi cos wt + Be cos 2wt + +--+ + a, sin wt + aesin 2wt + ---. 


Let us now write 


- eee G i 

Gi. = Gi,e/™ G7 
a G ” 

Go = i G! , 


then denoting by AE,, AE, the changes in the grid and plate voltage from 
the value corresponding to A = 0 we have: 








AE, =G,,8ot+Gpb0+Gi.A cos (or+ tan E, ) 
wy 
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+6) 8 cos ( wi+tan™ Cow a, ) +a, sin (or-+ tan 








” 


+6ruf bs cos ( wit tan 1s =) +a, sin (ai+tan™ 


Pw 
an cos (2ut+tan- 2 7) -+as sin (2ut+tan- ~ For )| 

















Gor 
Gow” p Grr” 
+Gp24] 52 cos | 2wt+tan- Gn’ +az sin { 2wt+tan G.n/ 
P2w P 
(1.3) Fieve P,,” 
AE, =P,$8ot+Ppbot+Pi1.A cos ( wt+tan-! P ;) 
ey 





P ” | ” 
+ Pos} 8: cos (wt+tan= =. ) +a; sin (ur+ tan —- ) 
Pos Fes 


” ” 


+P [> cos (oi+tan™ P pw ) +a, sin (ort tan P we | 








Pn Pow 


z 


or 


P 
+P 52% E cos (oui+tan- ie") +a, sin (2ut+tan- . ‘| 


P92, 
ons Py’ ° pw 
+ Pow [os cos (2ut+tan Fee) a sin (2ut+tan- ‘ *)| 
Porm Pats 
fe vee, 


But our assumption as to the nature of the relationship between J,, J, 
with E,, E, shows that for sufficiently small values of AE,, AE, 


a 


gies. 





y 


a2. 


a 











dl, vo 1071, 
<a Cetin 2 
Al, = dE, 4E, +> dE; 53 (AE) 
re oe ee ee ke 
aE,aE, Soa os 
al, aly 1 I, 
Al, = 5p ME» + 5g AEs +> 5p (AEs) 
FI, 1 07J, 


* dE,0E, AE AE, + 2 on AEs, 


where the first derivatives are to be evaluated at J, = J,,; I, = I, 
while the second derivatives are to be evaluated for some suitably chosen 
values of E,, E, in the intervals 


(Epi, Ep, + SE,y)(Eqy Eq, + SE,). 


If AE,, AE, are sufficiently small the values of the second derivatives 
are sensibly constant and can be taken simply as the values at (E,,, E,,). 
‘We can, therefore, regard all the derivatives as constant coefficients. 
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If the mathematical expressions for J,, J, are known the derivatives will 
be obtained by- ordinary differentiation. If no mathematical expression 
is available the derivatives are still easily obtainable from the graphs 
of the functions. 


First APPROXIMATION. INTERNAL RESISTANCE. AMPLIFICATION 
CONSTANT. INPUT IMPEDANCE. 


As a first approximation we can disregard the squares of AE,, AE. 
Then 


al, al» 
(2) ol ol 
Al, = aE, AE, + 9B, jee 


Let us analyze AJ,, AI,, AE,, AE, into a Fourier series, say TAI pu, 
 YAT 4, TAEp., ZAE,, where AI, is of the form Ae (j = Vv—1) and 
where it is understood that only the real parts of the equations are to 
be considered. Since the equations (2) are _— we can write 








aa dl, 
Alp. = 3E,E ~ +3 ~~ 7 is.. 
AF. an 8 aR “ 
Al gus Fr aE, AE + op, AE ow 
Combining wr with (1.1) we have 
= ol, = dl, 
I, (2 Pat 52 7 Ew) + Ina (Se Pn +o f Gu.) 
OI» 
_ on P+ 32 Ge), 
7 (ale 7 7 (tes 1 lez 
I, (Ft B+ 2 ® Gow —1) + Toe Se Pet SE Gn) 
ol, ol, = 
=-é (Se Put TeG..). 
Hence . 
al,  _ al» hs 
(ss Pet on,dm—*) (Ge Pi. + 55 Gr .) 
ol, ol, ol, = 
; - (SEP, 1+ eG «) (32 Fu + 5 Gus) 
po = Cy n ’ 
(2.1) al» al al, al, = 
(22 p Prot 5 Ee -1)(3% Pit 5 Gu) 
ol, ol, 7 ol 
: “iy, + oe E, Om \(# Py + 7 Gu) 





Ta = Cx oF ’ 
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where 
al, = al, 
a= (FE? P,. +2 Hoe Nae Fe P+ * Gs) 
al» al, 
(3 Poo + 3 er tat Gu. -1) 
= —14+58 Re Mr E Pes +5 Gow 
al, a1) 
“ . & dE, dE, 
Pyo Gpo| |OEp OEq|' 
\0E, dE, 





Before proceeding with the second approximation of the problem we 
shall interpret the equations given. Let us consider the special case when 
Low = Zon = 0. Then (see 1.2) So, = 0, 


A, ad Zoe( Zn + 2.) 


























jcow 
Ge. = I, Gen = oO, Gus = O, _ 
- Low 
. — Z ™ sl ° 
(2 2) P,, = re i | = 0, Py» = - ee : 
From (2.1) and (2.2) we derive: 
AI, , Ay je2wZ pu 8( Ip, Io) | 
* GE, 9Eyy +> teed, O(Ey, Eg) 1 + jcowZ pw 
| = bus rT ’ 
| ol, 
Sh ee = 
I + jcqwZ py 9E» 
(2.3) . > 
Oy jcwZye al 
7 . dE, I + jc2wZ pu dE, 
iit: a 
1+ —s— 
I + jl2wZ py dE, 
Also from (1’) and (2.2) 
[= I 
(2.4) Io. _ Je2w(@, od Toe) 
I + jca0Z ne 
Hence a 
r Zm' Tn | Zw IL 
S 1 \°0E s 1 dE 
. (Z,. > ay Pee ) , A oe ° 
I a + a an z, Jo2w Ps JC2w - JC2w 
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Ol, , ly Zn, HI» Is) Z soli 
dE, dE, Z e 2 d(Ep, . Ey) 5 “ 
4 -” Je2w Zp jew 
1+ _ Ze dlp 
I — dE, a 
5 (ab AI, , Wo\ | 1 Ao , Zp A Ip, Io) 
Mihidheinss (3 +5 “he +3 z) jew dE, * jcowd(Ep, Ey) 
vit 1 2m Ap 


29 Zw + vie dE, 
The ratio é@,/ (I, ow t+ %2) may be called the intrinsic input impedance of 
the tube because (neglecting the current flowing through the capacity 
C1) Igo +i, is the total current of frequency w/27 which flows from 
the outside circuit into the tube. I call the quotient B/ (Tow + 72,) 
the intrinsic input impedance of the tube in distinction to the true input 
impedance which is @,/(Ig4 + 72, — 71). There is really no advantage 
in knowing the true input impedance of the tube because the tube is 
always put in parallel with some other circuit, and the capcaity C, can, 
therefore, be considered as part of that other circuit. This procedure 
as well as the fact that we incorporate the capacity from filament to 
plate in Z, simplifies our expressions. 
Let Z;, denote the intrinsic input impedance. Then 











I | ol, 
“ae on * je jew Ey 
oe ss ie, oe al, 
I+ Zp (3245 toe aE, -) 


1 Ay , WII) Zou 


jl2w dE, (E>, E,) jcow 





An inspection of this equation shows that both the numerator and 
denominator are linear in Z,,. This fact admits of an interesting inter- 
pretation. For it is clear that the relation between Rp, and Xpu 
(Zoo = Row + s.. ) which will necessitate the real or the imaginary 
part of Z;, to be constant is such as to make the pts. (Ryo, Xpu) referred 
to cartesian axes lie on a circle. Thus the lines of constant input re- 
sistance in the R,,, Xp», plane, or constant input reactance are circles. 
Moreover all of these circles must pass through one point, viz., the point 
corresponding to Z;, = ©. Again since in the Zinn plane the lines of 
input resistance are orthogonal to the lines of input reactances the same 





must be true in the | = plane. 


This gives a general picture of the 


variation of Z;, with Z,,. I have treated this matter in more detail 
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for the special case of negative grid voltage.'! It is seen, therefore, that 
so far as the general properties of the relationship between the plate 
circuit and the input impedance are concerned there is no difference 
between the case of positive and negative grid voltage. 

A more thorough investigation of the expression (3) will show, however, 
an essential distinction between the two cases. This is given by the 
value of Z;,, for w = 0. In fact this value is 


- dl 
I+ Zn —- 
3.1 he al, d(T», I,) wie . 


dE, * a(E», E,) -™ 





If the grid voltage is sufficiently negative J, is constant and therefore 
Z. i) = ©. In other words, there is no appreciable current absorbed 
from the external circuit when the frequency of the alternating current 
becomes sufficiently low and when E, < o. . 

On the contrary if E, > o then no matter how low the frequency used 
may be a sufficient amount of current is absorbed from the external 
circuit by the tube to oblige us to replace the tube for purposes of com- 
putation by the fictitious resistance Zi given in (3.1). 

In most tubes 0/,/0E,, 01,/0E,, 0I,/AE, are positive while 0J,/dE, is 
negative. Thus the Jacobian 0(J,, I,)/d(E,, E,) is positive and Zi, 
is positive. 

The subject of input impedance has been worked out in detail for the 
case of negative grid voltage by Dr. J. M. Miller.2 My formula (3) 
agrees with Dr. Miller’s result if J, = const. and if in Dr. Miller’s 
formula C, and C; are put equal to zero. In fact both of these become 





a oe 
> _ jlow + 'p (%. +7.) 
” (K + 1)Zoe + 1p 
provided we set 
am, 3 dl, 1, 0Ip 


dE, tp’ OE, dE,’ 
The reasons why the internal resistance and the amplification constant 
K are to be identified with the expressions given will be discussed later. 
In order to compute the input impedance in the general case it is 
convenient to call 


1 See Bureau of Standards Radio Laboratory Report 5-V. 
2 See Bureau of Standards Scientific Paper No. 351. 
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m (Se tie 4 Me 4 ) ft, 
An = (S24 Se 4 Te Me dE,’ 


_ Op, Ig) /AIp . 
~ (Ep, E,)/ dE,’ 
_ 91, [AI | om. 
- @E,/ dE,’ 
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Then 





_ Cc . 
tp t+ AZ pw +7 ** 
Writing - 


Ziw = Riot iXio Ze = Roo tjXmur 


ay + BS \_ — ab + By 
e+e? X iw = 2 , where 


Pf 
(3.2) a = Rp “=, 8 = 7,X,, — —__— 








Ri, = 


C _-phe 
- Cow = Cow . 
It is thus seen that a knowledge of the four derivatives 0/,/0E,, 0I,/dE,, 
0I,/0E,, 0E,/dE, of Cz and of Ry, Xp, is sufficient to enable one to 
calculate the input resistance and input reactance. We can thus con- 
sider the problem of input impedance as solved for both positive and 
negative grid voltages. 


xX 
y= +AiRy+ Bo, 6 = AiXy, 
2W 


COMPUTATION OF CURRENT IN PLATE CIRCUIT. 


In many cases it is necessary to know the quantity J,, — I2,, because 
this, to a first approximation is the current in Z,. Such is, for example 
the case of a transformer-coupled amplifier. Now from (2.3) and (2.4, 


— jCwé, | = 
I+ jC2wZp. 1 +jCwZ pe 
aly , aly __jCww 
7 & | _ icy — OE» 1 + jC2WZ pr, 
I + jC2wZ pw 1 + 200 __ Tp 
I + jC2wZ py 9E» 





Cw 





(4) 


- iC. + ol, 
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1 + jCowZy, + Z, 
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This simple relation connects the current through Z, with the voltage 
from the filament to the grid of the tube. It is seen that dJ,/dE,, 
0I,/dE, do not come into this expression as could be expected. If cow 
is sufficiently small 











ay 
~ . . dE Ké,, 
(4.1) Ip — Ir = w + er | ’ 
Pan _s P Pw 
I+ Zu oF 
where 
_ 9p [Bln a 
~ @E,/ dE, ° dlp’ 
dE, 


A simple interpretation can be given to this last expression. In fact 
it shows that if C2 is negligible the current through Z, can be imagined 
as due to an electromotive force Ké, acting in series with Zp, and a 
pure resistance, r, inside the tube. The positive direction of this electro- 
motive force is visibly in the direction from filament to plate outside 
the tube. For this reason we can call K the amplification factor and r, 
the internal resistance of the tube. We note the fact that Van der 
Bijl’s relation is not used in making these definitions. 

If Cz is not negligible we can still write (4) as: 
_ 5 ~ Pe 
” 5 oe 


w a 
jCw + aE, 





” I 
dl, ; 
ak, + 10 


and writing 


(4.2) al. 


(4.3) I py — ty = S— 


Thus sl may be ‘spoken of as the complex internal resistance of the 
tube and kw as its complex amplification factor at frequency w/2z. 
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It is of interest to note the connection between ¢, and ry. For 


obviously 
~ I 


Saar ae 


I 4 I 
This shows that the complex internal resistance can be obtained by imagining 
the capacity Cz, connected in parallel with the internal resistance rp. 


SECOND APPROXIMATION. 


Having calculated our quantities to the first order we can proceed 
to the calculation of b) and Bp. From equations (1.3) we find that the 
constant terms of (AE,)*, (AE,(AE,)), (AE,)* are neglecting quantities 
of higher order than the second. In (AE,)?: 


Sul + Se (Be + ast) +2 (by + 034 
+ ABi(Gou'Gia’ + Gou!’Gro”) + Aar(Ggu" Gis! — Gow Gis’) 
+ Abi (Gow! Gre’ + Gp!’ Gis!) + Aai(Gpu!’ Gis’ — Gpw'Gie’") 
+ (= and, + Bibi) (Gou' Gps’ + Gu!’ Gpw’’) 
(5) + (Bids — arbi) (Gpe!"Gou’ — Gpw' Gow’) = 2Roo- 
In 2AE,AE,: 
A®(Pyu'Gie’ + Pris’ Gis!’) + ABi[Gie! Pou’ + Gra!’ Pon” 
+ Pr! Go! + Pr’ Goo") + AarlP on’ Gis’ — Pow'Gia”’ 
+ Prye!Gou!” — Gou! Pr!) + Abs(Gie’P pe’ + Gre’ Pw” 
+ Pre!’ Gye!’ + Pris’ Goo’) + Adi(Ppe” Gre’ — Ppe'Gr.” 
+ Gye!" Pre’ — Gye! Pre”) + (Pow Gou' + Pow’ Gos’) (Bx? — 01”) 
+ (Pye! Gow’ + Pow’ Goe’) (61? — a?) 
+ (ab) — 4181) (Gou!’ Pepe’ — Pope!’ Go! + Poe!Gpe’ — Pos'Gpw’’) 
+ (B1b1 — 101) (Gu! Pow’ + Goo" Pps” + Pow Gow’ 
(5.1) + Pou’Gpw’) = 2Rop- 
P,,2A? 
2 
+ ABP! Pio’ + Pow’ Pris’) + Aar(P ge’ Pia’ — Poe’ Ps") 
+ Ad\(Ppe'Pis! + Pye! Pre”) + Adi(Ppe"Pre! — Pou’ Pro") 
+ (Bibi — 101) (Pou' Pye’ + Pow Pw’) 
(5.2) + (Bidi — o1b;)(Ppu” Pow’ — Pow’ Pow’) = 2Rop- 


In (AE,)? = 





Pot Py? 
OF + of} + OF + of? 
































Vor. XVI. 
No. s. ELECTRON TUBE. 401 


These expressions are calculable if we content ourselves with using 
values of a, b:, a1, 8; as obtained by our first approximation. 

In most practical cases the expressions for Ry, Rp, Ryp simplify 
considerably, but for the sake of generality I preferred giving their 
complete expression. 

Identifying now constant terms on both sides of the equations 


dl, 1 071, oe 

















a aE, ams +5 E, SE + 3 8E, (AE)? + 5; dE,0E, An, AR, 
, &l, 
+ oR, 2 (AE,)? ’ 
at, « SP an. + 57 AEs Ole (Avr Ole AR AE, 
o= oF, + 2 ak? AE0) + aa 
, ol, 
+ oR, 2 (AE,)? ’ 
we find 
aly aln\ , al, aly \ _ 
bo (1 ° - — Gn op ) » (ae + Guz ) = Co 
alg al, al, \ _ 
~% (2,3 Past + Gn St ) + as ( — Poi sn ~ Gust ) = Co 
where 
el, #1, el, 
- Co = ape Ro + ap ag, Ree + apes Rom 
5-3 
el, el, I, 
= 0E,? Rop + dE,0E, Roo + dE, = 


Solving these two simultaneous equations in b, 8, we obtain 


G(1-P e.g oi) + Col P Ne +G x ) 





- al “2s al, i al, rat al SEL, 
(: — Puget — Sw gue) (2 ~ Po ag, ~ S98, ) 
. - (rath uit) (mi + ote) 
5.4 
c,(1 - Pa se Gu oe) + ce ( Paget + Gna ) 








Bo 
aly aI, al, al, ) 
(1 ~ Peas, ~ Onaz,)(" ~ Paoe, Cn ae, 


dl, ol, 
- (7.22 + Guise )(2x3 ma, + Gu oe ) 


The first of these expressions enables us to calculate the average change 
in- plate current due to the electromotive force, A cos wt, impressed in 
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series with Zg’. In a similar manner the second equation gives the 
average change in the grid current. The amplitude A enters in these 
equations only through C,, C, which are homogeneous linear functions 
of Ryo, Rop, Rpp. Since a1, Bi, a1, 51, are as a first approximation pro- 
portional to A it is readily seen from (5), (5.1), (5.2) that Ryo, Rop, Rop 
are proportional to A?. Hence our expressions for bo, Bo are proportional 
to A*. In general, of course, there is no reason why this law should be 
strictly true. But it is true that the smaller A the more nearly bo, Bo 
are proportional to A?. 

One of the fundamental assumptions in our discussion was that the 
electromotive force A cos wt has been impressed on the circuit so long 
that the effect of the initial conditions has been obliterated. The time 
necessary for this is generally very small. Let us change A slowly 
enough to justify us in considering all of the currents at any instant as 
having values identical with the values which they would have if A 
had had the value which it has at that instant during an infinite time 
before the instant under consideration. If such is the case the value of bo 
at any instant is proportional to the value which A has at that instant. 
Thus, if A should vary as 1 + K cos pt where » is sufficiently small to 
secure conditions discussed above, the average change in the plate current 
will vary as 1 + (K?/2) + 2K cos pt + (K?/2) cos 2pt. 


SPECIAL CASES. 


The expressions (5.4) apply to the most general case under con- 
sideration and enable us to calculate do, 8y when the E.M.F. impressed in 
series with Z,’ is known. We have shown, however, how the action of 
the tube on the currents in the circuits Z,, Z,’’, Z,’ can be computed by 
endowing the tube with an input impedance. Since our expressions for 
Ropp, Rpg, Rog involve only the squares of first order terms in A we can 
for convenience of computation divide the problem into two parts. The 
first will concern itself with a calculation of the voltage from F to G 
account being taken only of first powers in A. The second will deal 
with the calculation of b) assuming voltage as known. Using formula 
(3) we have no difficulty in solving the first phase of the problem. 

In order to deduce a solution of the second phase from our general 
expressions we imagine a case when | = Z,. = 0. Then equations 
(1.2) simplify as in (2.2) and Tow, Ip» are given as in (2.3). Also from 
(5), (5.1), (5.2) we have 
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A? 
2Ro, = = 
(5.5) ?Rer = Peg + — ‘+ aiPp.'’), 
2Ryp = At + =Z (a3? + 58) + Aby(Pye! Pra! + Ppe!'Pre!) 


+ Aai(P pw Tr sats Pas Pin’) 


But it follows from expressions (2.2) that 


= + CowP pw” and PP,” = CowP pw’ 
Hence 
Pow! Pw! + P,P," = © 
and 
Pos Pes —_ PSP a = CowP p.?. 
Thus 


Py Py»? 
2Rpp = ey At+ 20 (a; + b,?) + AacewPy,?. (5-5) 


We note that a;, 8; do not occur in these expressions. Now (2.3) can 
be written 














_ al, aly _ 
= a OE, me" 0E, _ K —jCwPp. 
Tyo = %e T = é, = 

on a Oly tp — Pp 
dE, 
_ , (K + CoP") — JC2wP pa! 
— 1, — Pye —jP re’ 





a (K + CxwPps!")(tp — Ppa!) + CoP pu! Pe! 
7 (rp — Pye)? + } 
Poo!’ (K + C2wP p,"’) - C2w(rp -_ PrelP | 
(rp — Pyu!)? + Py!” 
3, Kite — Pye’) + rpC2wP po!) + [KP ps” + C2wPp.? — rpC2wP pu’ 
(rp — pw! )? + Pro 72 . 





+7 





In our case 
é, = A (cos wt + j sin ot). 
Therefore 
K(tp — Pow’) + rpCowP p,”” 
(rp = 2 pw)? + + P,, 2 
po — CowP 2 — KP," 





bh =A 























404 ELECTRON TUBE. ng 


Also 
Aik + CowP po)? + C?w*P», a 


(rp = - ow’)? + Pow Te 





a? +b? = 


A(biPp.’ + a1Pp.”’) 
— KP? + KrpP ps! + 27pCowP ps!’ Ppe — C2wP pe’ Pp.* 
(rp — Pow)? + | 
re CowP pp.’ — KPp2 + sree | 
(7. — P+ Pp," 
We thus derive from (5.5) and (5.5)’ that 
A? A?r2CowP pe’ — KP yu? + KrpP po’ 
Reo = —, a. -—S. «se ik an | 
4 2 (tg — Pau}? + Pye” 
because P;,’ = C2wP».”, 


’ 





= A? 





= ‘| = CowP po" + 


(K +> - CoP a + C2? wo P pw 2 
(rp a - pw’)? + + Pou 72 





Rop =F Crem 42 Cp oh 








(5.6) + fear. PpC2wP yp." = CowP pu? _ KP” 
. (rp — Ppu’)? + Ppa!” 
on A? 2 K? + re C?w? 
4+ “a (rp __ Py’)? + Py!” 


Now from (5.4) and (5.3) it follows that 
bo = appRpp + apgRpg + aggRop, 














where 
ar at ol ol 
’ eae ee, g en a a 
A’app = aE,! aE,! B, where A=1— Py, aE, Gy, aE,” 
roe at oly 
, _ P 0 -_ 
A'ons = oF ak,» + aE,aE,” B= Poop t+ Casi oe 


eT. od 
A’ agg = ak + aE! 


and 


_ Oly Oly aly al 
. =(: — Paz, — Snap, IG es: — Coar, 


al, al, 
- (7.33 0 aE, + Gu sit \(z ak. + Gn am ). 


Using the values of Rp», Rpy, Rg, obtained in (5.6) we have 





A? A? rp CowP py” — KP,,2 + Kr,P,,,’ 
bo = Qoqg, TT Agp— 2 
(5.7) 4 . (tp — Pow)? + Pow” 
5:7 
A? K?2 Re 2 aye 





4° Gy — Pall + Pl™ 
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This expression shows the nature of the dependence of the rectified 


component of the plate current on the constants of the plate circuit. 
In fact the quantity 





a) 
z 

I 

| 





can be seen to be the negative of the impedance which would be obtained 
by connecting the capacity C: across the plate circuit impedance Z,,. 
If P,, is very large the predominating terms in (5.7) are 

eu > ae 
4 2 
It is seen, therefore, that in general there is no reason why bo should 
become zero when P,, = ©. It is also seen that on account of the term 
r,°C?w* multiplying into app even if it were possible to make by = 0 by 
Py. = © for one value of w this in general would not be true for a different 
w. The condition which is necessary and sufficient to make bo = 0 
when P,,, = © for the case when 7,?C,*w* is negligible in comparison to 
K? is agg — 2Kagp + appK? = O. 


A 2 
+ app (K? + 153Ciu#). 


CASE OF NEGATIVE GRID VOLTAGE. 


It is of interest to see how our equations reduce in the case of negative 
grid voltage when J, = const. = o. In this case 














Ty Ty _ oly 
Z 0E,* dE,0E dE, 
art, App = 7 ’ Gy = aog9 = Z . 
. ont = —™ 
I+ re I+ " 1+ ~ 
Hence 
Zn A?| 371, I, rpCewP pe’ — KP»? + KrpPp,! 
ak’ ieee pat 255 x ’ 2 
1p 4 LOE, dE dE, (tp — Ppa’)? + Pow 





‘ aI, Py.2(K? + 12°C2w*) | 


dE, (%79 — Pay’) + Pye’ 
It is convenient to write Z. =— Pin = R, + jX.; R., X. being both 





real. Then 
( £o\,, « ~ KE _ , Ol tr'C2wX, + KZ,* + KrpR, 
1+ )%= 41a 7a WE,  (r+R2Z? +X. 





4 Bly ZK? + ritCito) 


dE,? (rp + Ry)? + x.? 
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Similarly of course (5.7) could be written 
A? reCowX, + KZ? + Kr,R, 
(5.7)' bo = 4 [ a0 — 2Qgp . (rp + Ra)? + Xe? 
‘ Z.2(K? + 1PC2%w*) | 
“P? (rp + Ra) + Xe 
It is of interest to investigate the conditions for which by can be made 
equal to zero or else to reverse sign by a proper choice of R, and X,. 
Clearing fractions 
(Ru? + Xu?) (oq — 2Kagp + app(K? + 17°Cz?w*)) 
— A? + 2rpRu(aoq — Kagyp) — 2egprp?C2wXw + 1y°Qoo 
wa (rp + R,)? + X.? ° 
If agg — 2Kagp + app(K? + 1,2C22w*) + 0 the denominator cannot be- 
come infinite without making the numerator infinite and of the same 
order. Hence excluding the case mentioned the condition is that the 
equation 
(Ri? + X.?)(@oq — 2Kagp + app(K*® + 1°C2?w*)) 

+ 27 p(Qygg eo Kagy) Ra a 2A gpf p’C2wX u + 1p Qog = oO (6.0) 
be satisfied by a possible pair of values of R, and X,. The equation 
written is the equation of a circle in Cartesian codrdinates. This circle 
is real if 
— 1pOLgq(Qgq — 2K gp + App(Ke + 15°Co?w*)) + 1y*(Qgg — Kara)? 

+ ag,rp'C2w? > O OF Agz? > Agghpp. (6.1) 











This therefore is the condition which is necessary in order that it be 
possible to reverse the sign of bo by merely changing the plate circuit. 
If the grid voltage is negative this condition becomes 
( ee y el, I, 
0E,0E, dE, dE,?" 
It is remarkable that for tubes obeying Van der Bijl’s relation 
( I, y _ #1, * PI, 
0E,0E,/ dE? dE," 
This corresponds to the case when circle (6.0) collapses to a point. Thus 
bo can always be reduced to zero but cannot be made to reverse sign. 
As a matter of fact the circle (6.0) reduces in this case to 


2 
Re+ (x. -x) = 0. 
9W 
Thus bo = 0 when R, = 0, 
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This explains why for very high values of R,,, bp has been observed to be 
diminished but not quite to zero. 
Proceeding now with the special case of tubes obeying Van der Bijl’s 


relation we have 
I, , K \? 
_ 4? 3B; [ee +( X.- Ze) | 


0 Za . 
‘ (: + = Vir, + Ru)? + X.?] 
Pp 








In particular if C2 is very small 


R, = Rp; XxX, = Zu 
and 
I> 
A? dE? 


by = ee 
Z 
4 (: ao 


Pp 





ir + Rp)? + Xpi] 





JOHNS HOPKINS UNIVERSITY, 
March, 1920. 
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THE DETECTING EFFICIENCY OF THE SINGLE 
ELECTRON TUBE. 


By E. O. HuLBuRT AND G. BREIT. 


SYNOPSIS. 


Definition of Detecting Efficiency.—As a definition of the detecting efficiency 
ee , ‘ , 
lim = is taken. Here bo is the average change in the rectified component of the 
0 


output plate current and A is the amplitude of the input grid potential. 

Derivation of Theoretical Formula.—A theoretical formula is derived for the 
detecting efficiency. (See formula 12). 

Measurement of Detecting Efficiency—Measurements of detecting efficiency 
were carried out by means of a condenser potential-divider and a sensitive quadrant 
electromcter. 

Verification of Theory by Experiment.—By the measurements performed the theory 
has been verified qualitatively. An attempt to verify the theory quantitatively 
showed the necessity of taking into account the capacities between the tube elements. 

Application to Armstrong's Tuned Plate Circuit.—The sudden drop in signal 
strength observed with Armstrong’s circuit has been explained by the above theory. 


1. INTRODUCTORY. 


N a previous paper by the authors,! it has been pointed out that the 
detecting efficiency means, in general words, the efficiency of an 


‘amplifier to render a weak signal intelligible. It was shown that the 


detecting efficiency depended upon the relation between the input grid 
potential and the resulting output plate current. In the case of the 
high frequency transformer-coupled amplifier the detecting efficiency 
was defined by the relation lim * where A and dy are the amplitudes, 
respectively, of the input grid potential, and of the rectified component 
of the output plate current. Experimental methods of measuring bo 
and A were devised, and the detecting efficiency was thus determined 
by direct measurement. In order to arrive at a complete understanding 
of the detecting efficiency, it is necessary to know how the detecting 
efficiency depends upon the characteristics of the tubes and upon the 
constants of the circuits of the amplifier. The present paper takes up 
this phase of the problem for a simple case and describes an investigation, 
both theoretical and experimental, of the detecting efficiency of a single 
electron tube. A theoretical analysis, in which certain simplifying 


1‘*The Detecting Efficiency of the Electron Tube Amplifier." (As yet unpublished.) 
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assumptions were made, was carried out which yielded an expression for 
the detecting efficiency of the tube in terms of the constants of the tube 
and the circuits. Experiments were then performed to test the theory. 


2. THEORETICAL. 


In the current literature on electron tubes Van der Bijl’s' relation is 
usually taken as the starting point in the derivation of the concept of 
the internal resistance of the tube. This procedure is unnecessarily 
special, for the behavior of a tube may be represented by an amplification 
factor and an internal resistance even though it does not conform to 
Van der Bijl’s relation. 

The following treatment considers only the case of negative grid 
voltage i.e, E, <o. In this case the grid current is zero. A more 
general treatment of the problem will be taken up in a future paper. 
It is assumed that the plate current J, is a function only of the plate 
voltage E, and grid voltage E,. We write 


I, = f(E», E,). (1) 
It is assumed that this function within the range considered has first, 
second and third derivatives, and that the function and its derivatives 
are finite, single-valued and continuous. It is necessary to specify 
accurately the conditions just stipulated because there are cases for which 
these conditions do not hold. For example, the recent experiments of 
R. Whittington? show clearly that there are resonance effects of the 
positive ions within the tube. For frequencies close to these resonant 
frequencies it is not legitimate to say that J, is a single-valued function 
of E, and E, only, because it depends on the time rate of change of these 
quantities. But these frequencies are so high that at the ordinary 
frequencies used in radio one is not troubled by the complex effects 
observed by Whittington. 
Denoting by Ax the change in any quantity x, the expansion of (1) is 
written 
AI, = I,(Ep, + — E,, + SE,) — Ip(En, Es,) 
dl, 1 0°/, re 
“7 AE, +% E, E> + - > aes AEs) + spa, AEAAEs 


+3 oa (ABs) + Lee (2) 





Ey» and E, are the values of the plate and grid voltages, respectively, 


1 Proc. Inst. Radio Eng., 7, 97, 1919. 
? Radio Review, 1, 53, 1919. 
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when there is no high frequency voltage impressed on the grid. The 
values of the derivatives in (2) are to be evaluated for E, = E,, and 
E, = Eq. 

It is assumed that we deal with small values of AE, and AE,, so that 
the differentials in (2) of higher order than the second can be neglected. 
It is also assumed that the internal capacities of the tube are negligible. 

Let us assume that the grid voltage varies with the time according to 
asine law. So that 

AE, = A cos wt. (3) 
Then after initial conditions have been obliterated, the plate current 
can be expanded as a Fourier series in wf. 


AI, = bo + b; cos wt + be cos 2wt + --- 
+ a; sin wt + a2sin 2wt +--+. (4) 


It is seen that the constant term bp means physically the rectified com- 
ponent of the change in the plate current. 

We denote the absolute value of the plate circuit impedance for the 
frequency m(w/27) by Zm, the resistance of that impedance by Rn, 
and the reactance by Xm. Then from (4) 





Re 


X X 
—AE,=Z bo +Z1b; cos (ut+tan~ Re) +eabs cos (2ui-+tan- :) 
1 
) x, | — * 
+Z,a; sin { wt + tan = )+Zeae sin {| 2wt+tan = }. 
R, R2 


Setting (3) and (5) in (2) gives 





al, =) 
Al,p=—-=a 1 Z Z,b t+tan—! — eee 
P dE, | odo + 191; COS (. + an R, + 
7 1x1 dl, 
+2Z,a;sin (w+ tan Rte fee cos wt 
'f 2 
$i | abot Zi cos (at-+tan- > ae 
1 
, 1x1 > 101, 
+Z,a;sin (at+ tan Rte} v2 aE 24 cos? wt 


al, ? 
~ aE ,aE,4 cos wt | Zobo+Z1b: cos | wt-+tan™ & )+--- 
+Z,a,sin (a+ tant) + oe 
1 
+ etc. (6) 


The values of do, a1, a2 ---, bo, b1, bg «++, are obtained by identifying 
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the terms of (4) and (6). In so doing we make use of the method of 
successive approximations and neglect higher orders than the second. 
Equating the constant terms we find 








Zi HT, 2 2 A? Tp A _ dT» _ 
4 aE, ? + b,’) + 4 dE, 2 aE,aE, rR: + 1X1) 
bo = al, ° (7) 
I+ 2057 


To find a, and }, we identify the coefficients of cos wt and sin wt in (4) 
and (6) neglecting quantities of higher order than the first. This can 
be done conveniently by observing that the equations involved are all 
linear, the terms of (4) being 0; cos wt + a; sin wt, and the terms of (6), 
being 


dlp _,%1 : Xi 
= 372 | Zibscos ( wt + tan R) + Ziaisin ( ut + tan zy 


ol, 

+ A cos wt bE 

We now introduce the symbol 2 = Ae’, where i = V—1, and e is 

the base of natural logarithms. Let (}; cos wt + a; sin wt) be the real 

part of J,’e**. It is seen that J,’ means the fundamental radio frequency 
component of the plate current. 





Then 
ol, = or 
a P , Ps; 
ioe ~ gg ee tae 
where P 
, } 3 ini Zim Ri) 
Therefore 
a ké 
r Z\ + 'p ‘ 
where 
— 
oo 
dE, 
and 
al, | 8) 
dE, ; 
k= F ." 
dE, ) 





The expression (8) shows the relation between the internal resistance of 
the tube r, and 0/,/dE,. It also gives a general meaning to the amplifica- 
tion factor k. It is to be noted that no use of Van der Bijl’s relation has 
been made in the above derivation. 
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Further, expanding (8) we have 








1! _ AR[(rp + Ri) — 1Xi][cos wt + 7 sin cot] (9) 
, (7) + RiP + XF . 
The real part of this is 
Ak , 
[(rp + R1) cos wt + X, sin wl]. (10) 





(rp + R;)? + XxX; 

Comparing (4) and (10) we see that 
ee he. ARX: 
(tp + Ri)? + X2 _— (rp 4 + R,)? + Xi" 


Substituting these values in (7) gives finally the expression for bo/A?, 
which is the detecting efficiency for an amplitude A at frequency w/2z. 
It results that 


(R? + xno 





+ [(Ri + rp)? + x4 


ag af 


—_ 2k[Ri(rp + R;) + x5 


al, 
bo *!) 8B, 0E, = 


A? 








s(1 +2 ) re + Rt + Xe 


If the tube obeys Van der Bijl’s relation 
OI p _ b- OT, “ el, 
dE, 0E,0E, dE, 


In this case (11) becomes 








k2 


el, 
role 
A? Zo 
4 (: + =) [(rp + Ri)? + Xi] 
Pp 





(12) 


At the risk of repetition let us state again the meaning of the symbols 
used in (12). Zo, Ri, Xi are the direct current resistance, the high 
frequency resistance, and the reactance of the plate circuit, respectively. 
rp is the internal resistance of the tube. 1, and the derivative 6°/,/dE,? 
are obtained from the static characteristics of the tube. 

Formula (12) depicts the manner in which the detecting efficiency 
depends on the constants of the circuits and of the tube. In particular 
it states that bo is proportional to A? for a specified frequency. This 
has been shown to be approximately true by direct experiment. (See 
the curves of the paper by the authors referred to in Section I.) It 
remained for further experiment to determine to what extent the as- 
sumptions underlying the derivation of formula (12) were permissible. 
This is taken up in the following sections. 
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3. APPARATUS. 


The apparatus was arranged as shown schematically in Fig. 1. The 
condenser potential divider consisting of the three condensers C,, Co, C3 
the inductance coil L’ and the thermogalvanometer 7, were the same 
as that described in a previous paper by the authors (loc. cit.). By 
coupling L’ to a suitable generating set high frequency voltage of small 
known amplitude and frequency was impressed on the grid of the electron 
tube. The device for measuring the change in the rectified component 











~ 




















of the plate current consisted of a quadrant electrometer Q connected 
across a resistance R, the potential drop across R due to the plate battery 
P. being compensated by a potential divider P;. This has also been 
described in the earlier paper (loc. cit.). The resistance R was a non- 
inductive resistance made of a dilute solution of copper sulphate in 
water. This was shunted by a variable condenser C’. °C” was a large 
fixed paper condenser having a low frequency capacity of about 2yuF. 

In the plate circuit was inserted an inductance coil L shunted by a 
variable condenser C. The inductance of L was 1738yh, its distributed 
capacity about 16yuuF, and its high frequency resistance at 1150 meters 
was 6 ohms. The condenser C was a General Radio Company Air 
Variable Condenser, Type 182 A. This had a shield which was always 
connected to the electrometer as shown in Fig. I. The electron tube was 
a Western Electric Company tube, Type V TI. The tube was used 
always with a filament current of 1.10 amp. and a plate voltage of 22.0 
volts. The negative terminal of a standard cell B, Fig. 1, was always 
connected to the grid. <A high resistance leak R,; (about 2 megohms) 
kept the grid potential at a definite value. 
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4. EXPERIMENTAL TESTS. 


It is seen that when R; and X;, in (12) become sufficiently large bo/A? 
becomes very small. This was verified in the following manner: Keeping 
the current through TJ constant, i.e., A constant, the condenser C 
was varied and the electrometer deflections were observed. Curves I 
and. 2, Fig. 2, show the electrometer deflection in millimeters plotted 








I40imm 
2 
100 
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against the capacity of Cin wuF. Curve I was taken for smaller deflec- 
tions than Curve 2. Also in curve I the resistance R was about 21,000 
ohms, while in Curve 2 R consisted of 421,000 ohms in series with a pair 
of telephones. The condenser C’ was disconnected in the case of Curve 2. 
It is seen that in both cases the deflection dropped down for a proper 
value of capacity. 

The explanation of these curves lies in the fact that R; and X, become 
very large for certain values of C. This can be seen from the expressions 
for the effective resistance and effective reactance of the parallel combina- 
tion of an inductance coil having an inductance L and resistance R with 
a condenser of capacity C. If R, and X, are the effective resistance and 
reactance, respectively, it may be shown that 


R 
~ R2C%? + (LCw* — 1)?’ 
a R?Cw + Lw(LCw* — 1)? 
R?C%a? + (LCw* — 1)? * 





R. 
(13) 





X= 


The maximum value o R, (when C is varied) occurs very nearly at 
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C = 1/Lw*. The value of R, for this value of C is 1/RC*w*? = L?w?/R. 
Using the values obtained by measurement in the case of the present 
experiment, namely, R = 6 ohms, L = 1.738 X 10° wh, w = 1.63 X 10°, 
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the effective resistance is found to be 1.34 X 10°ohms. This is R; in the 
notation of formula (12). 

In order to determine r, the static characteristic curves of the electron 
tube were drawn. This was done by measuring the plate current J, 
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for various values of the plate voltage and grid voltage. The curves are 
shown in Fig. 3 and 4. 
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From the slope of the curve of Fig. 3 at the operating point d/,/dE, 
was obtained: In obtaining the operating voltage E,, account was 
taken of the potential drop in the plate circuit resistance. The reciprocal 
of dI,/dE, gives rp, which was found to be 6.5 X 10‘ ohms. The high 
value was due to the use of a small filament current (see section 3). 

Returning to the experiment under discussion, R was 2.1 X 10* ohms 
and when C was set so that the combination of L and C were at resonance 
for the impressed frequency, we have 


R, = 1.34 X 10° + 2 X 10 = 1.36 X 10° ohms 
and 
(Ri + ry)? = 2.01 X 10”. 
If now C were to differ from its value at resonance by 20uuF the values 
of R, and X, (as computed from (13)) are 714 ohms and 3.12 X 10 
ohms, respectively. Then 


R, = 2.1 X 10° + 0.7 X 104 = 2.2 X 104 ohms 


Ri + rp = 8.7 X 10 ohms; X,; = X, = 3.12 X 10* ohms; 
and 
(Ri + rp)? + X? = 8.55 X 10°. 


Hence the electrometer deflection must have decreased in the ratio 


of at least 
2.01 X 10” 


8.55 X 10° 





= 2.35. 


This calculation applies to Curve I, Fig. 2. An inspection. of the curve 
shows at once that quantitatively the simple theory presented above is 
not borne out by experiment, for the electrometer deflection at the 
minimum point is about one-eighth of the deflection at 20uunF from the 
minimum. The discrepancy is to be attributed to the neglect of the 
effect of the internal capacities of the tube. If these capacities are taken 
into account there results a formula which gives better agreement with 
the observations. This will be taken up in a future paper. It was 
possible to demonstrate experimentally that the larger the capacity 
between the grid and plate of the tube became the less marked was the 
effect of making R; very large. This was done as follows: A variable 
air condenser (General Radio Company, Type 101 L) was connected 
from the grid to the plate of the tube. For a low condenser setting the 
electrometer deflection decreased perceptibly when R, became sufficiently 
high. When the condenser reached a value of about 500uuF the effect 
could no longer be observed. 

Another cause of error to be considered arises from the assumption 
of Van der Bijl’s relation. In the above case, however, the tube obeyed 
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Van der Bijl’s law closely, as seen from the curves of Fig. 4, and so the 
discrepancies cannot be attributed to a deviation from Van der Bijl’s 
relation. 

There are various other factors which cause discrepancies between 
formula (12) and the measurements. An effect which is difficult to 
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take rigorously into account is that introduced by small capacities be- 
tween the various parts of the circuits. As an illustration of this effect 
the curves shown in Fig. 5 were drawn. In order to obtain the data for 
this family of curves the connections 
shown schematically in Fig. 6 were used 
L cH * in the plate circuit. It is seen that these 
Q Qo connections differed from those used 

V2 previously in that the electrometer was 


— | C’ connected across all of the resistance in 
Lt R the plate circuit instead of across only 








a portion. 
By giving C’ smaller and _ smaller 
ere? values the effect of a variation of C 
mane becomes less and less, as is seen from 
a the curves of Fig. 5. These curves are 
Fig. 6. plotted with electrometer deflections in 
mm. (which are proportional to the 
detecting efficiency) as ordinates against capacities of C in pwuF as 
abscissas for several values of C’. The grid voltage was — 1.018 and 
the impressed wave-length 1,150 meters. It is noticed that the position 
of the minimum shifts. The explanation of the family of curves lies 


in the fact that the quadrant electrometer acted as a condenser. The 
position of the minimum of a curve occurs when R; is a maximum. 
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R, is a maximum approximately when the sum of the resistances of the 
parallel combination of L and C, and the paralle! combination of Rand C’, 
becomes zero. The total resistance of these parts in series depends on 
the setting of C’ because the effective resistance of the parallel combina- 
tion of R and C’ is, 

— 

1+ RC?" 
If C’ is large the above quantity is small and consequently the total 
resistance of the plate circuit at its maximum is lessened because that 
resistance varies inversely with the resistance of all the parts in series. 

It was of interest to study the effect with a positive voltage on the 

grid. With E, = + 1.51 volts curves similar to those of Fig. 5 were 
obtained and are shown in Fig. 7. It is seen that the electrometer 
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deflection, and hence the detecting efficiency, increased in absolute 
value, when R; was increased, instead of decreasing as it did in the case 
of negative grid voltage. It was observed, however, that the deflection 
in the case of a positive grid voltage and grid leak was opposite to that 
in the case of negative grid voltage. Thus, roughly speaking, the 
phenomenon may be explained by saying that there are two actions 
going on in the tube. One of these is due to the curvature of the grid 
voltage grid current curve, the other (the smaller of the two) is the same 
effect which has been studied with negative grid voltages. The effects 
on the average plate current due to these two actions are opposite. By 
making R, very large we decrease the second effect and thus increase the 
absolute value of the deflection. Strictly speaking this way of describing 
the phenomenon is not entirely correct. It gives, however, an easily 
memorized picture of the experimental facts. 

We wish to point out the practical significance of the effects observed. 
We refer here to an effect frequently observed in the Armstrong regenera- 
tive circuit which to our knowledge has not been explained. In Arm- 
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strong’s circuit the parallel combination of L and C is used just as we 
used it in our experiments. It is found that as C is increased, starting 
with small values, the intensity of the sound increases up to a certain 
point where it suddenly drops. Using the same circuit which we studied 
above and connecting the tube to an antenna it was found that this point 
is precisely the point where, with the same plate circuit connections, the 
detecting efficiency was found to be least. Further, by taking out a 
sufficient amount of loading inductance in the antenna and then retuning 
with a larger series capacity the behavior of the circuit was changed 
altogether. The signal no longer increased with an increase of C but 
remained fairly constant except in a narrow region where it became very 
faint. This narrow region coincided with the position of sudden decrease 
observed before. 


Jouns HOPKINS UNIVERSITY, 
March, 1920. 
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VARIATION WITH PRESSURE OF THE RESIDUAL IONIZA- 
TION DUE TO THE PENETRATING RADIATION. 


By K. MELvina DOWNEY. 


SYNOPSIS. 


Residual Ionization in Closed Vessels: Experimental Method.—In order to throw 
light upon the type of radiation responsible for the residual ionization in closed 
vessels, the author has measured the ionization in a sphere one foot in diameter for 
pressures ranging up to 21.5 atmospheres. Any corpuscular radiation not absorbed 
in the ionization sphere has a penetration at one atmosphere equal to or greater 
than the product of the dimension of the sphere and the number of atmospheres pressure. 
A special device was used to compensate for any fluctuations of the battery furnishing the 
high potential required for saturation. This consisted of two ionization spheres 
of the same electrical capacity which were connected to the opposite ends of a ten 
megohm resistance, the mid-point of which was earthed. Connections from the 
battery were made to the ends of the ten megohms. The final experiments were 
performed over water to eliminate any effect due to radio-active substances in the 
soil. 

Nature of Ionization Curve-—The shape of the ionization-pressure curves gives 
information as to the process of ionization. A discussion of such curves obtained by 
other observers has been given in connection with those of the author. The curves 
obtained in the present experiment give a linear relation. This indicates that the 
ionization is not due to a soft radiation from the walls of the sphere, but that it is 
due either to the direct action of a penetrating radiation without any effect produced 
by secondary @ rays from the gas, or to a secondary, corpuscular radiation from the 
walls of the vessel. If the latter is responsible for the main portion of the ionization, 
the experiments indicate that it has a penetration of at least six and one half meters in 
air at atmospheric pressure. 

Diurnal Variation.—A few curves obtained during the preliminary observations 
have been given. Provided that the sky is not cloudy, these indicate the existence 
of a diurnal variation. 

Ionization in Air Due to Gamma Rays of Radium.—The ionization in a sphere 
one foot in diameter has been measured for pressures ranging up to 40 atmospheres. 
From four to twenty atmospheres a linear relation existed. The change in slope at 
twenty atmospheres to a value about six tenths of that at lower pressures may be at- 
tributed to some of the 8 rays having completed their paths. At the high pressures 
there is a suggestion of an effect due to the secondary radiation from the air. 


INTRODUCTION. 


F air or any other gas is enclosed in a metallic vessel, experiments 

show that ions are produced in the gas at a constant rate even in 

the absence of any obviously apparent ionizing agent. The number of 

pairs of ions produced per c.c. per second varies slightly with the material 
of the vessel but over land is of the general order of magnitude of Io. 
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A part of this ionization is certainly due to the radiation from radio- 
active materials in the soil and the radio-active emanation in the air. 
That this source accounts for only a portion of the ionization is verified 
by the observations over the great oceans. Although the amount of 
radio-active material in these oceans and in the air over them is insigni- 
ficant, yet values of the order of 4 pairs of ions per c.c. per second are 
obtained in closed vessels over these oceans. Thus, Simpson and Wright 
obtained values ranging from 4 to 6 ions per c.c. per second over the 
Atlantic and Indian oceans;! and, on the fourth cruise of the yacht 
Carnegie? an average value of 3.8 ions was obtained over the Pacific and 
sub-antarctic oceans. Again, when the ionization vessel is shielded on 
all sides by water sufficient in thickness to absorb the known radiation, 
there is still a residual ionization as was first shown by the experiments 
of Rutherford and Cooke.’ 

There are two views prevalent as to the origin of this residual ionization 
in gases. One attributes it to impurities in the walls of the vessel, 
and the other to a penetrating radiation having its origin outside the 
vessel. Much work has been done on this subject, particularly by Mc- 
Lennan and his students. An experiment of special interest is the one in 
which McLennan used an ionization chamber of ice. When this was 
placed over Lake Ontario, the ionization value obtained was only 2.6 
ions per c.c. per second. McLennan seems to favor the view that even 
this residual ionization was due to radio-active impurities in the ice, 
but no test for the radioactivity of this ice-receiver appears to have 
been made. 

Perhaps the most convincing evidence in favor of a true penetrating 
radiation in the atmosphere and against any explanation founded on 
the assumption of radio-active contamination is given by the balloon 
observations of Kleinschmidt and of Kohlhérster. The latter found, for 
example, that at an altitude of 9,300 meters, the value obtained for the 
residual ionization was 80.4 ions per c.c. per second. The value at the 
surface of the earth would be only about 4 ions per c.c. per second if we 
neglect the contribution due to the gamma rays from the radio-active 
material in the soil, which contribution would be quite negligible at an 
altitude of even 2,000 meters. Kohlhérster’s results thus suggest a 
non-terrestrial radiation, increasing in intensity with altitude. 

1 Roy. Soc. Proc., A, Vol. 85, pp. 196-198, 1911. 

2 Results of Atmospheric Electric Observations made aboard the Galilee (1907-1908) and 
the Carnegie (1909-1916), reprinted from Publication No. 175 (Vol. 3) of the Carnegie Inst. 
of Washington. 


3 Puys. REVIEW, Vol. 16, p. 183, 1903. 
4-Deutsch. Phys. Gesell. Verb., 16, p. 719, 1904. 
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In the present work, the primary object was to measure the natural 
ionization in a closed vessel for pressures ranging up to 20 atmospheres, 
and to eliminate, as far as possible, the ionization resulting from radio- 
active materials in the soil by performing experiments over a body of 
water of sufficient thickness to cut off such radiation. The effects of 
pressure would then give information as to the nature of the agency re- 
sponsible for the ionization. If the radiation is of an easily absorbable 
nature, the ionization will reach a saturation value at a comparatively 
low pressure; while for a range of pressures extending to even higher 
values the ionization would continue to increase in the case of the pene- 
trating radiation. That is, the more penetrating the radiation, the 
higher the pressure for which a saturation value will be obtained. A 
more detailed discussion of the ionization-pressure relations, in so far 
as they are influenced by the properties of the radiation producing the 
ionization, will be given later. Several investigators have examined the 
variation of residual ionization for pressures below one atmosphere,!' 
while Wilson,? and McLennan and Burton* have made measurements for 
pressures above one atmosphere. These results will be discussed in 
connection with the distinctive features of the writer’s experiments. It 
may be noted here that the pressure giving a saturation value of the 
ionization in any experiment depends upon the linear dimension of the 
ionization chamber, so that as much information may be given at a low 
pressure by a vessel of large dimensions as is given at a high pressure by 
a vessel of correspondingly smaller dimensions. In the course of the 
work it was desirable to observe also the variation of ionization with 
pressure when the ionization was caused by the rays from a sealed tube 
of radium bromide. These experiments, which were carried out up to 
40 atmospheres, will be described in connection with the main experi- 
ments. 


DESCRIPTION OF APPARATUS AND METHOD. 


The form of apparatus used was suggested by Professor W. F. G. 
Swann. The general arrangement of the apparatus will be apparent 
from the diagram (Fig. 1). 

The ionization chambers A and B are two cast steel spheres each 
having an internal diameter of one foot and walls one inch in thickness. 
The central rod electrode of each sphere is joined to a common wire 
which in turn is connected to the fiber of a string electroscope of the 

1 For example: J. Patterson, Phil. Mag., Ser. 6, Vol. 6, p. 231, 1903, also Kingdom, Phil. 
Mag., Vol. 32, p. 396, 1916. 


2 W. Wilson, Phil. Mag., Ser. 6, Vol. 17, p. 216, 1909. 
* Puys. REVIEw, Vol. 16, p. 184, 1903. 
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Lutz-Edelmann type.!. The spheres are connected to the opposite ends 
of a ten megohm resistance. The mid-point of this resistance is con- 
nected to the earth terminal as are also the guard rings GG, the shielding 
tube C and the electroscope case. Connections are made at the end 
terminals of the ten megohm resistance to the source of high potential 
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(700 volts for the residual ionization. 
1500 volts for the ionization due to rays from small sample of Ra Br.) 
‘The use of the two vessels in combination with the ten megohm re- 
sistance possesses the advantage of compensating for any effects due 
to fluctuations of the batteries. These effects might otherwise, be serious 
on account of the high potentials necessary for saturation. On the other 
hand, by the use of two spheres with the ten megohm resistance, the mid- 
point of which is earthed, any alteration of the potential of the battery 
results in equal and opposite alterations of the potentials of the two 
ends of the resistance. Then the potentials of the two spheres are 
altered by equal and opposite amounts and the inductive actions of the 
two spheres on the central insulated system annul each other. The 
effect is the same as if the battery were constant. It is also apparent 


i Lutz, Physikalische Zeitschrift, Vol. 13, p. 954, 1912. 
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that there will be compensation as regards the residual ionization at 
atmospheric pressure if this is the same for the two spheres; consequently 
the rate of deflection of the electroscope fiber is determined by the excess 
ionization resulting from the increase of pressure in the sphere A above 
the atmospheric pressure maintained in sphere B. 

It will be recalled that the string electroscope of the Lutz-Edelmann 
type consists of two parallel plates (indicated by EE in the diagram) 
with a conducting fiber stretched between them. The plates are to be 
maintained at potentials which are equal but of opposite signs. Since 
it is necessary that these potentials remain in a constant ratio, a plan 
similar to that given for the spheres was used. The plates, EE, are 
connected by a megohm, the mid-point of which is earthed and the ends 
of which are connected to the terminals of a 100-volt battery. A prac- 
tically constant sensitivity of 10 divisions per volt was maintained 
throughout the work. For convenience a calibrating device consisting 
of a cell, potentiometer and voltmeter, V, was employed as a permanent 
part of the apparatus. It will be seen from the diagram that the central 
system was earthed through the voltmeter when the key, F, was open 
and the key, D, was closed. 

It was obviously necessary that the potential between the spheres and 
the insulated, central system be sufficiently high to secure “‘saturation.”’ 
Tests were always made to insure that there was no additional rate of 
movement of the fiber due to an increase of the potential beyond that 
assumed sufficient for saturation in any particular case. 

A mixture of resin and beeswax was employed to make the vessel A 
airtight at high pressures. The bolts were tightened while the spheres 
were sufficiently hot to retain the mixture in a liquid form; and by this 
means it was possible to make the vessel stand a pressure of 65 atmos- 
pheres without appreciable leakage. 

The pressure in A was raised by connecting a valve at its end ta a 
cylinder which had been filled with compressed air from a liquid air 
machine, and the pressure was recorded by a ‘“‘Bourdon”’ gauge. The 
air was thoroughly dried by phosphorous pentoxide placed inside the 
sphere. 

For the portion of the observations where a radio-active substance 
was required, a sample of radium bromide of the order of two milligrams 
was used. This was enclosed in a lead case, the walls of which were 13 
cm. in thickness. The lead case containing the Ra Br. was placed at a 
distance of eight feet from the spheres during the observations in which 
it was used. 

Method of Calculation.—The excess rate of production of ions per c.c. 
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as a result of the increase in pressure in A above atmospheric pressure is 
determined as follows: 
Let C = capacity of system, 
AV = gain in potential of the fiber in e-s units, 
e = electronic charge = 4.8 X 107" e.s. units, 
v = vol. of ionization chamber in c.c., 
gq = number of pairs of ions produced per c.c., per sec. 
We then have g = = , 
vet 
where ¢ is the number. of seconds for the fiber to acquire a potenital AV. 
The order of magnitude of the emanation effects from the table, 
equipment and platform would be so small that they could be disregarded 
in the calculations. 
MEASUREMENTS. 
Subsidiary Experiments. 


Laboratory Conditions.—In view of the fact that a number of the experi- 
ments had to be performed in the laboratory, and since a great many 
radio-active measurements had been made in the building, it seemed 
necessary to make a thorough survey of the various laboratories so as 
to detect any effect due to any possible radio-active contamination of the 


walls. Furthermore, it was necessary to know whether there was any 
influence due to the radium known to be in the building. There were 
2 mg. of radium in solution on the top floor and there were 3 mg. of 
shielded radium kept in the vault on the first floor. The laboratory, 
where the experiments were finally carried out, was situated in the 
basement. 


The ionization chamber for these measurements was a cylindrical 
vessel having a volume of 6.8 liters. The central rod which was insulated 
from the vessel was connected to the string electrometer, and a connec- 
tion was made to the calibrating device in a manner similar to that 
already given for the main apparatus. The potential (100 volts) which 
was applied to the vessel caused the ions of the same sign to go to the 
central electrode; when the connection to earth was released, the fiber 
would deflect. The time of the deflection of the fiber for a fixed number 
of divisions was recorded. The sensitivity of the electrometer was 
maintained at 10 divisions per volt. 

The following are representative of the observations: 

Electrical Laboratory (top floor), Dec. 26, 1918, values for g: 10.4, 

8.75, 9.8, 9.0, 9.7, 10.0 (Mean 9.6). 

Room 1 (Basement), Dec. 27, values for g: 9.8, 9.4, 9.2, 8.2, 8.7, 10.0 

‘(Mean 9.2). . 
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Room 1 (Basement), Jan. 11, g: 10.8, 11.7, 12.6, 12.6 (Mean 11.9). 
Room II (Basenient), Jan. 11, g: 10, 12.7, 10.8, 11.7 (Mean 11.3). 

In view of the fact that the effects due to passing clouds and to the 
other conditions determining g are such variable quantities at different 
times, it is evident that there is no systematic difference between the 
values obtained for g in Room I. and Room II. To make a still more 
conclusive test, the radium in the vault was removed to the vault in the 
library building. The values obtained were these: 

Jan. 23—Before the removal of the Ra.—12.2, I1.9, 11.9, I1.5, I1.9, 

12.6 (Mean 12.0). 

Jan. 23—After the removal of the Ra.—12.4, 12.8, 12.4, 12.3, 12.2, 

12.9 (Mean 12.5). 

Jan. 24—Before the return of the Ra. to the Physics Building—(10:30 to 

11:30 A. M.)—13.8, 12.7, 12.4, 13, 12.8, 12.8 (Mean 12.9). 

Jan. 24—After the return of the Ra.—(12.15 to 1:00 P. M.)—13.0, 13.7, 

12.3, 12.5, 13.2, 13.8 (Mean 13.1). 

There was apparently no effect due to the presence of this radium in the 
vault. This was also verified by experiments of an entirely different 
nature which were performed by Miss Herrick (a graduate student in 
this department).! 

Diurnal Variation.—During the course of the preceding observations, 
a decided variation in the ionization values was noticed at times. For 
quite a number of consecutive days in January, higher values were 
obtained in the evening than in the mid-part of the forenoon. Some- 
times the difference was as much as 20 per cent. 

In the interval from January 24 to February 6, several series of observa- . 
tions were taken, each series extending over a period of 24 hours. When 
the atmosphere was exceedingly clear, a maximum was obtained in the 
morning (7 to 9 A.M.) and a more decided maximum from 6:30 to 8:30 
P.M. with the values rather high during the first part of the night. 
When the sky was cloudy, no very obvious diurnal variation was ob- 
tained. The curves obtained January 26, February 1 and February 4 
are given in Fig. 2. January 26 was an exceptionally clear day and there 
was no appreciable change of the barometer. February 1 was mostly 
cloudy. The obesrvations from February 3 to February 5 were begun 
just as a snow-fall, which had continued for some time, was ceasing. 
During a part of the observations on February 4 the sky was cloudy. 

It would be desirable to continue these observations over a long period 
of time to test for the existence of the diurnal variation, particularly as 
there is not a unanimous agreement among investigators as to the 


1 Master’s Thesis, University of Minnesota, 1919. 
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existence of the diurnal variation. The results obtained are in general 
agreement with the few observations recorded by those who have found 
a diurnal variation. 

Saturation Voltage.—For the penetrating radiation the highest pressure 
used was not over 22 atmospheres. Tests for the saturation voltage 
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at this pressure were made. The potential of the end-terminals of the 


ten megohm resistance, and the corresponding values of the ionization 
current are given in Table I. 











TABLE I. TABLE II. TABLE III. 
Pressure, 22 Atmospheres Pressure, 20 Atmospheres. Pressure, 40 Atmospheres. 
Ionization Ionization Ionization 
Potential. in Arbitrary Potential. in Arbitrary Potential. in Arbitrary 
Units. Units. Units. 
136 volts 8.28 280 volts | 13.69 300 volts 15.87 
aa * 8.37 420 “ 14.90 600 “ 20.00 
408 “ | 8.35 560 “ | 14.78 © 900 “ | 22.22 
544 “ 8.33 700 “ 14.74 1200 “ 22.27 
680 “ | 8.39 1500 “ | 22.34 


It will be apparent from Table I. that for a voltage of 272 or more the 
current remained constant to within 1 per cent. The test for saturation 
voltage for the pressure of 20 atmospheres is given in Table II., which 
was obtained with the radium-bromide specimen in its position eight 
feet from the spheres. For the same position of the radium bromide the 
saturation voltage was also tested for a pressure of 40 atmospheres. 
The values obtained are given in Table III. It is evident from Tables 
II. and III., respectively, that 700 volts is amply sufficient for saturation 
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at 20 atmospheres, and 1500 volts for 40 atmospheres when the Ra Br. 
specimen is in the position described. 


Main Measurements. 


General Procedure.—The method of making observations follows the 
same plan as that already indicated for the preliminary work. With the 

source of potential connected to the spheres as indicated in the diagram 
. (Fig. 1), and the fiber insulated from earth, the rate of deflection is 
proportional to the rate of production of ions. The general plan of 
making measurements will be apparent from the data given for a set of 
observations taken over the Mississippi river, May 16. 
In order to avoid error due to leakage, the fiber is charged in such a way 
as to cross the zero during the observation and the range of scale divisions 
for any reading is so chosen that there is an equal number on each side 
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of the zero. As soon as the fiber passes the scale reading, 6, the time 
T, is recorded. 63 is the position of thefiber at the time 73. AV is 
the change in the potential of the fiber in the time 7;-7;. For the set 
of readings above, AV was always 1 volt. Si, the sensitivity of the 
electrometer before the fiber was released, as well as Se, the sensitivity 
after the fiber was earthed, were recorded. P is the pressure in sphere 
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A in excess of one atmosphere. In order to test for constancy of condi- 
tions, the positions of the fiber were recorded both when the connection 
of the fiber to the calibrating device was released and when it was restored 
again at the end of the observation. 

Curves Obtained.—The curve for the data of Table IV. is given in 








TABLE IV. 
| AV in Si Sa. 4 Time (Mid 
A. 6s. Ni. 73. Volts. | (Divisions per | (Divisions per (Atmos- Pt. of 
| Volt). Volt). pheres). Reading. 
| Min. Sec. | 
—4, +4) 0 5 40.0 1 8 8 19.35 2:10 P.M. 
—4/+4] 0 6 47.6 1 8 8 15.35 | 3:00 P.M. 
—4 +4 0O 9 24.3 1 8 8 10.2 3:50 P.M. 
—4/+4/ 0 | 14 43.0 1 8 8 | §.12 4:45 P.M. 
0 1 8 8 0. 5:40 P.M. 


—4 | +4/| 35 33.0 











Fig. 3. The reciprocals of the times (expressed in seconds) for the fiber 
to gain a potential of 1 volt are plotted against the pressure in A in 
excess of one atmosphere. A linear relation was obtained. To find g, 
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the actual numbers of pairs of ions produced per c.c. per second, these 
ordinates are to. be multiplied by c(1/300)/ve 
(c = capacity of the system, 
AV =1 volt = 1/300. s. unit, 
v = volume of sphere A in c.c. 
e = electronic charge in e. s. units). 


The observations for the full line curve given in Fig. 4 were obtained 
over the river May 17 from 10:40 A.M. to 5:45 P.M. 

The location of the apparatus over the water will be apparent from 
the photograph (Fig. 5). The water underneath the pier was 8} feet 
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Fig. 6. 


in depth. It might also be mentioned here that for the final measure- 
ments the electrometer was suspended from a rigid frame by means of 
springs so as to ensure freedom from the effect of any mechanical dis- 
turbances near the pier. 

The curve in Fig. 6, which was obtained during the first week of May, 
is representative of other measurements taken in the laboratory. The 
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measurements for Fig. 7 were made in the laboratory when radium was 
placed 8 feet from the spheres as previously indicated. The ordinates 
for Fig. 4, Fig. 6 and Fig. 7 are the same as have been given for Fig. 3. 
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Fig. 7. 


DISCUSSION. 


Ionization Pressure Relations.—lf the residual ionization is due for 
the most part to radio-active impurities in the walls of the vessel, the 
radiation may be of the a, 8, or 8 and y type, or it may be composed of 
all three types. The main part of this ionization would be due to the 
aand B rays. The @ rays which are the more efficient ionizers would be 
absorbed by about five cm. of air at atmospheric pressure. While the 8 
rays and the secondary corpuscular rays due to them are more pene- 
trating, practically all the soft 8 rays and some of the hard rays, which 
have a range of several meters in air, would be absorbed at higher pres- 
sures. Thus, to the extent that the ionization is due to absorbable 
radiation of this kind, the ionization per gram of gas should decrease 
with increase of pressure. If one admits the existence of a penetrating 
radiation partaking of the y ray nature, the ionization in the closed vessel 
may be attributed to several sources: 





432 K. MELVINA DOWNEY. ee 


(1) The direct action of the penetrating radiation in the gas; 

(2) The secondary radiation emitted from the gas by the primary 
penetrating radiation; 

(3) The secondary radiation emitted from the walls of the vessel by the 
penetrating radiation. 


In addition to these agencies it is of course possible that a portion of 
the ionization may be due to radio-active impurities. The portion of the 
ionization under (1) should be proportional to the pressure. Since 
the number of ions produced by the source (2) varies with the number of 
molecules of the gas, and with the number of electrons responsible for 
the ionization, it is apparent that this portion of the ionization would 
vary proportionally with the square of the pressure. This holds only 
to the extent that the ionization per cm. of path of the electrons is the 
same at all parts of the path, and to the extent that the penetration of 
the electrons enables them to reach the walls before coming to rest. 
When the pressure is so high that the electrons complete their paths 
within the vessel, the increase of ionization would be less rapid than the 
square law would demand. But an influence in the opposite direction is 
to be found .in the increase of ionization per cm. of path toward the end 
of the range of the electrons. The latter effect would be apparent at 
pressures below that at which the former would appear. Consequently 
in regard to (2) it is possible that the curve of ionization against pres- ° 
sure might first show a variation according to the square of the pressure, 
then a more rapid increase than the square law would indicate, and 
finally a falling down to a linear relation when the pressure became so 
high that the penetration of all these ionizing electrons falls within the 
vessel. 

The portion of ionization due to (3) should obey a linear law until the 
pressures become so high that the more active parts of the electrons’ 
paths fall within the vessel. At such pressures the ionization would 
show a more rapid increase with pressure. Finally a saturation value 
should be reached when the whole path is completed within the vessel. 


DISCUSSION OF EXPERIMENTAL RESULTS. 


A survey of Fig. 3 and Fig. 4 shows that the variation in the natural 
ionization with pressure obeys a linear law up to 21.5 atmospheres. In 
view of the preceding discussion, the linear relations given in Figs. 3, 4 
and 5 indicate that the ionization within a closed vessel is not due to 
a soft radiation, but is determined either directly by a penetrating radia- 
tion of the y type or by a hard corpuscular radiation emitted from the 
walls of the vessel by the penetrating radiation. If it is attributed to 
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the corpuscular radiation, this radiation itself is then so penetrating 
that it is not appreciably absorbed in passing through a 1-foot thickness 
of air at 20 atmospheres pressure. (One foot of air at 20 atmospheres 
pressure is equivalent in absorbing power to 20 feet of air at one 
atmosphere.) 

It is further apparent that for the range of pressures employed, the 
contribution to the ionization by secondary rays emitted from the gas 
by the penetrating radiation is not the primary agency at work, for, if 
it were, the curve should become convex to the horizontal axis. 

That moisture may produce an appreciable effect is shown by the 
curve of Fig. 6 which has a slight irregularity in the neighborhood of 17 
atmospheres. This curve was obtained without any additional drying 
agent other than that in connection with the compressor of the liquid 
air machine. For the curves given in Figs. 3, 4 and 7 the drying agent 
was used as mentioned. For these no such irregularity was noticed. 
It is probable that there was some water vapor present in the case of (6). 
If the water vapor in the air from the compressor were as much as one 
seventeenth saturated, water would begin to condense at about 17 
atmospheres and this would result in a change of conditions at this 
pressure. (Note: Thesphere A was filled with air at the highest pressure 
used and the air was allowed to escape very slowly to reduce to the lower 
pressures.) If one considers the actual numbers of ions given by Fig. 3 
and Fig. 4 and compares them with the corresponding quantities for 
Fig. 6, it will be observed that there is little difference—those in the 
laboratory were slightly lower. Since the 8} ft. of water was amply 
sufficient to cut out practically all the radiation from the soil below in the 
case of the measurements over the river, it seems evident that the concrete 
base of the building served the same function as the water. This was 
likewise indicated by the experiments of Miss Herrick, previously men- 
tioned in this paper. For the work inside there was also the absorbing 
effect of the roof and the upper floors of the building. 

It will be noted that the curves given in Figs. 3, 4 and 6 show a notice- 
able ionization for zero pressure. This is no doubt due to a soft radiation 
from the walls of the sphere A, in which the pressure was varied. Before 
the compressed air was admitted into sphere A, it was left in a cylinder 
for a time so as to allow any radium emanation present to decay partially. 
However since the cylinder containing the air was not allowed to stand 
the same length of time before each set of observations, there would be 
different amounts of emanation admitted into the sphere. For the 
observations at the higher pressures, it was found necessary to wait a 
time after the pressure was lowered for a constant rate of deflection of 
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the electrometer. This was due to the fact that it required time for the 
old decay products to come into equilibrium with the new amount of 
radium emanation. (A part of the emanation would be removed with 
the air while the pressure was being lowered.) It may be mentioned 
here that the radium emanation in air at ordinary atmospheric pressure 
is not responsible for more than 1.7 ions per c.c. per second. 

For the purpose of comparison it was naturally of interest to test the 
ionization produced due to the effect of y rays of radium when the pres- 
sure within the sphere A was varied. What has been given in the 
discussion of the ionization pressure relations under (1), (2) and (3) 
may be considered as applying here—the penetrating radiation for the 
case being the y rays of radium and the secondary radiation from the 
walls and gas being rays of the 6 and y type. 

The curve of Fig. 7 indicates an increase of ionization with pressure. 
The ionization per gm. of air at pressures below 4 atmospheres is ob- 
viously somewhat larger on account of the soft radiation which is then 
effective. In curve 7 which has an approximately linear relation for the 
range of pressures from 4 to 20 atmospheres, it is noticed that the slope 
changes at about 20 atmospheres to a value approximately 0.6 of that 
for the pressures below 20 atmospheres. This departure from linearity 
is doubtless due to those 8 rays which complete their paths within the 
spheres at this pressure. Twenty atmospheres would be sufficient to 
absorb 6 rays having a penetration as great as 6 meters in air in one 
atmosphere. Those having a longer range would still be unabsorbed 
as would also those 6 rays having their paths along the shorter chords 
of the sphere. The results at the highest pressure indicate a tendency 
toward a more rapid increase of the ionization with pressure. This 
suggests an effect due to the secondary radiation from the air. However, 
it is not possible to attach much importance to this until observations 
have been made for still higher pressures. 

It is desirable to compare the results given in this investigation with 
those found by other observers. Patterson, who measured the natural 
ionization in a closed vessel for pressures extending only to 80 cm of 
mercury, obtained results which indicate a marked departure from 
linearity over this range. From this Patterson draws the conclusion 
that the natural ionization is due to radio-active impurity in the vessel. 
The actual ionization for one atmosphere was as much as 40 ions per c.c. 
per second, so that without question there was an unusually large 
amount of radio-active impurity in the walls of the vessel used by Patter- 
son. A large number of the ions he obtained was probably due to the 
a particles so that he naturally found the effect per gram to diminish 
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with increase of pressure (on account of the short range of the a particles). 
In reality the true residual ionization can have formed only a small part 
of the total effect measured in his experiment. In the writer’s experiment 
results were never considered reliable unless the vessel had been so 
thoroughly cleaned that the ionization ranged from 10 to 13 or 14 ions 
per c.c. per second. 

Additional results on natural ionization which were obtained by 
McLennan and Burton indicate an increase of ionization for the range 
of pressures used (4.4 to 500 c.m.), but the graph was not linear. The 
slope of the tangent of curve at one atmosphere is about twice that at 
seven atmospheres. Unfortunately McLennan and Burton have not 
stated any actual values for “‘g.’’ It is therefore impossible to form any 
opinion as to whether the departure from linearity may have been due 
to radio-active impurities in the walls of the vessel. However, they do 
give some evidence of the existence of the radio-active impurities in their 
experiments. 


If the ionization in a closed vessel is primarily due to the corpuscles 
emitted from the walls of the vessel by the external radiation, departure 
from linearity is to be expected when the pressure attains a value so 
high that the linear dimensions of the vessel become comparable with 
the electronic penetration at that pressure. Thus in comparing the 


results of the different observers it is to be noted that the departure from 
linearity is determined not by the pressure, but by the product of the 
pressure and a quantity of the order of the linear dimensions of the vessel. 
In other words, experiments in a chamber of average dimensions, 30 cm., 
give at 20 atmospheres as much information in regard to this phase as 
experiments made up to 60 atmospheres in a vessel of only Io cm. 
linear dimensions. 

The results of W. Wilson are of interest in that they indicate an increase 
of the natural ionization with pressure. While he used pressures as 
high as 45 atmospheres, the results he obtained can be compared with 
those of the writer only at those pressures below 15 atmospheres since his 
ionization chamber had less than 34 the dimensions of that used in the 
present investigation. The electroscope which recorded the measure- 
ments consisted of a vessel 10 cm. cube. This was also used as the 
ionization chambers. The small sensitivity and large leakage in Wilson’s 
experiments made it impossible for him to obtain results with a high 
degree of accuracy. The electroscope leaf was maintained at a potential 
of 200 volts. Since in the writer’s experiments the change in potential 
of the fiber by the natural ionization was not over 1 volt in the time 
necessary for a reading, it is evident that Wilson’s leaf system could not 
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have registered this with any high degree of accuracy. The writer has 
plotted in Fig. 4 the values of Wilson for pressures above one atmosphere 
(these are indicated by means of crosses on the dotted curve). The slope 
of the linear part of Wilson’s curve has been made the same as that of the 
line obtained by the writer. It will be noted that the departure from 
linearity of the author’s results is never more than 1.30 per cent. of the 
highest value measured while the corresponding quantity for Wilson’s 
results is as high as 10.50 per cent. 

Wilson also obtained an ionization pressure curve for the case where 
radium-bromide was placed outside the ionization chamber and the pres- 
sures were varied up to 40 atmospheres. From what has been said it is 
clear that this would amount to a range of approximately 13 atmospheres 
in the writer’s experiments. Wilson obtains a maximum at this pressure 
probably for the reason that he did not have saturation voltage. At 
atmospheric pressure he works with a value for g amounting to 216 
ions per c.c. per second which is almost four times that obtained in the 
present experiment at atmospheric pressure. It was possible for the 
writer to work with a weak radio-active specimen on account of the com- 
pensating arrangement (the 2 spheres in combination with the ten 
megohm resistance). Furthermore the radium-bromide was shielded to 
such an extent that the y rays reaching the ionizaiton chamber and con- 
sequently the secondary corpuscular radiation due to the y rays were 
much harder than the radiation which was responsible for the ionization 
in Wilson’s experiments. This would naturally cause Wilson’s curve to 
depart from linearity sooner than the writer’s curve. 

Additional measurements on the ionization in a closed vessel due to 
the effect of the y rays of radium have been made by Kaye and Laby! 
as well as D. C. H. Florance,? but it will be seen that the range of pres- 
sures is rather limited when compared with the conditions of the present 
investigation. These observers worked with ionization vessels the plates 
of which were not over 2 cm. apart. In the work of Kaye and Laby 
there was a central electrode about 4 cm. from the sides of the vessel, 
so that as regards ionization by electrons emitted from the walls of the 
vessel their curve, which was obtained for a range of pressures up to 17 
atmospheres, could be compared with that of the writer only for pressurse 
below one atmosphere. 

D. C. H. Florance who used pressures up to 80 atmospheres worked 
with the plates I cm. apart, with an additional reading for a distance of 
2 cm. between the plates. For the spheres used in the present experi- 


1 Kaye and Laby, Phil. Mag., Ser. 6, Vol. 16, p. 879, 1908. 
2D. C. H. Florance, Phil. Mag., Ser. 6, Vol. 25, p. 172, 1913. 
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ment, the former condition would correspond to a pressure of 5 atmos- 
pheres and the latter to a pressure of 10 atmospheres. The inability of 
Florance to secure saturation voltage at the higher pressures is no doubt 
due to the unusually large amount (30 mg.) of radium-bromide used. 
Without saturation a large change in slope would be expected at the 
higher pressures. 


In conclusion it is a pleasure to acknowledge my gratitude to Professor 
W. F. G. Swann, who has suggested the problem and directed the investi- 
gation. To him I extend my best thanks for the encouragement and 
advice has has given throughout this work. 

I wish to thank Professor H. A. Erikson for his continued interest 
in the work, and also Mr. C. H. Dane, mechanician, for assistance in 
the solution of mechanical difficulties. 


DEPARTMENT OF PHYSICS, 
UNIVERSITY OF MINNESOTA, 
December, 1919. 
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THE KINETIC THEORY OF MAGNETISM. 


By WARREN WEAVER. 


SYNOPSIS. 


Magnetic Susceptibility of Gases —The results of a previous paper by Honda and 
Okuba (Puys. REv., Vol. 13, 1919, p. 6) are considered, certain important errors 
noted, and some aspects of the assumptions further examined and developed. 
The susceptibility is not the same whether or not the gyroscopic nutation of the 
molecules persists, and the apparent check with Langevin’s result is shown to be in 
error. A gas is shown to be diamagnetic or paramagnetic, on this theory, according 
as the nutation does or does not persist. This 1esult holds, at least without further 
investigation, only for smooth spherical molecules rather than as stated. A discus- 
sion is given of the effect of thermal impacts on gyroscopic motion of this type. 


I. In a recent paper! Professors Honda and Okubo have worked out 
in considerable detail a kinetic theory of magnetism, which takes account 
of the gyroscopic precessions and nutations which the molecules of a 
gas will execute under the torque of an applied magnetic field. Some of 


their results will here be subjected to a critical examination. It will 
be necessary to duplicate some of their preliminary work so that matters 
of notation will be clear. 

A given molecule is considered to be initially a magnet of moment M, 
which implies that the distribution of electronic orbits within it is such 
that the magnetic field produced by the separate electrons is such that 
they do not completely neutralize each other at exterior points. The 
change — 6M in this moment caused by the growth of the external field 
from a value zero to a final value H is not considered, it being supposedly 
very small as compared to the other effects considered. The magnetic 
axis of this molecule makes an initial angle a with the direction of the 
applied field. Suppose that this molecule is rotating about some axis, 
not in general coinciding with its magnetic axis. It will then have a 
component of magnetic moment along the direction of the axis of rota- 
tion, and one normal to this direction. Consider first the effect of the 
former component, assuming that the actions caused by the two com- 
ponents take place independently. The molecule will start to fall 
towards the direction of the field, the precession beginning as soon as 
the incipient fall develops, and the axis will perform ordinary precession 
about the direction of the field, and nutation about the steady precession. 

1 Puys. REv., Vol. 13, 1919, p. 6. 
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What will then be the magnetic moment of the gas which is induced by 
the field H? The original orientation of magnetic axes was isotropic, 
else the gas would have been originally magnetic, so that the number 
of axes which originally made with the direction of H an angle lying 
between a and a + da would be 


dn = 3 sin ada. (1) 


The motion of the axis is such that, as the nutation takes place, the 
angle between the direction of the axis and H lies between the original 
value a, as an upper limit, and an angle 6, as a lower limit, where 0; is 
given by the equation 





I 2cosa I 
tty mm hg he so ere (2) 
a a a 
where 
MH 
Kw?’ 
K being the moment of inertia of the molecule about its axis of rotation, 
and w the angular velocity of spin about this axis. For small values 


(3) 


a 
2 


of a this gives 


9 


a a? 
cos 6; = cos a +.0 — cos? a) += (cos* a — cos a) 


a® 


+2 ( 3 cost a — Scost a) + OM (4) 


II. The first important point to be noted now appears. The definition 
of a given by equation (3) differs from that given in the previous paper 
by a factor 2. The equation was given as 


_ MH 
~ Ka?’ 3a) 


a value which, when substituted in (2) above does not give a correct 
result. Comparing (3) above with Langevin’s definition of his quantity 
a we find that they are not the same. For clearness let us write Lange- 
vin’s result 

I = MH(coth A — 1/A), 
in which 
MH 
=* 
in which 7 is the gas constant referred to a single molecule. Langevin 
was considering, in the original paper in which this result appeared,' 
a gas such as oxygen the molecules of which have, as is indicated by the 


Aa 


~ 1Ann, de Chim. et de Phys., V., p. 70, 1905. 
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ratio of the specific heats, two degrees of freedom in rotation. Cor- 
responding to each of these degrees of freedom will be an amount of 
energy 377, or, for the total energy of rotation, rJ. Since in the above 
work the reference axes in the molecule were so chosen that the expression 
4K? is the whole energy of rotation it is equal to r7. Thus we have 


2A =a. (7) 


Thus the values of a and A are not the same, as was stated. 
Concerning this point Professor Honda has written me, in answer to a 
letter sent him before the present paper was written, the following 
statement. ‘‘ Our value of ‘a’ does not differ from that of Langevin. 
Your calculation is also quite correct. Our writing in p. 147 (Sci. Rep.)! 
is incorrect, but its content is correct. In considering a magnetic 
molecule rotating about its axis as a gyroscope acted upon by the force 
of gravity (g¢ = H) we must take OA as the distance between the fixed 
point and the center of gravity of the equivalent gyroscope, but not AB. 
Hence in passing from the problem of the gyroscope to the molecular 
magnet half the pole distance must be taken in consideration. Hence 


bn +mif 


Fig. 1. 


in the first equations of gyroscopic motion we must put M/2 for M. 
And consequently 


M 
_ 4MH ~ ) H MH 


becomes ~ 
Ko? 4K’ 


7” ae 

which is Langevin’s ‘a.’”’ 

Insofar as I understand this statement I believe it to be incorrect. 
The first equation of motion of the gyroscope in which the quantity M 
appears is an equation which expresses the fact that the sum of the 
kinetic and potential energies of .the gyro-molecule remains constant. 
The potential energy of a magnetic doublet of this sort of magnetic 
moment M (= mr) when making an angle @ with a field H is surely 


1 The text of the article in the Science Reports of the Tohoku Imperial University here 
teferred to is the same as that which appeared in the PHysICAL REVIEW. 
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— MH cos 6. The above statement seems to offer no satisfactory 
justification for replacing M in this expression by M/2. 

III. In the previous article two cases are considered separately; i.e., 
that in which the nutation persists, and that in which it does not. A 
discussion of which of these two descriptions is more likely to fit the 
actual case is curtailed because the result is there obtained that for small 
values of a the magnetic moment is the same in the two events. It 
seems clear on simple and general grounds that this can not be the case. 
If the precession were to take place at the larger limit of the angle which 
measures the nutation,—that is at a@ itself the magnetic moment would 
obviously be zero, the isotropic character of the orientations not having 
been changed. Ifthe nutation is damped out in some way, or if, as 
suggested, the field is applied infinitely slowly so that the precession 
takes place steadily at the lower limit 6;, the magnetic moment is com- 
puted to be given by the equation 


a/oo = a/3. (8) 


Now if the nutation actually takes place the direction of the rotation 
axis varies between an angle a and an angle 6; with the direction of the 
field, so that one would expect the time mean of the magnetic moment 
to lie between the two values which correspond to the two extreme 
positions, namely, between zero and a/3. One turns then to the analysis 
to see where such an error could have arisen. It is found, apparently, 
in the equation near the bottom of page 13, which should read: 


dé \2 
k sin? ( S ) =2MH (cos 6— cos a)(cos @— cos 6;)(— cos 62— cos @), (9) 


in which there has been inserted a factor 2 on the right-hand side, and a 
necessary minus sign in the last term. If the calculation is carried out 
from this point the result obtained is 


a/o9 = a/6 + 0.24a° + --- (10) 
or, for small values of a, 

o/oo = a/6. (11) 
This result could have been anticipated, and, indeed, obtained by 
means of a much simpler calculation. The angular velocities of spin 
with which we have to deal are large! of the order of 10!* radians/sec. 
while the applied couples are small, corresponding to small values of a. 
The precession is therefore very slow, and the nutation very rapid, 
being moreover between very small limits. For this case the motion 
may be described as a steady precession combined with a nutation in 

“1 Také Soné, Phil. Mag., March, 1920, p. 348. 
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an ellipse about the point which advances with the regular precession!. 
This steady precession takes place at an angle of inclination to the direc- 
tion of the field which lies half-way between a and @;.2_ Since this ellipti- 
cal motion is harmonic the time mean will be the same as if the axis 
precessed steadily at an angle equal to the mean of a and 4,. 

This gives us at once for the magnetic moment per gram molecule of 


the gas 
Mn (* 6 
c= / cos (5 *) sin ada (12) 
2 Je 2 


o I 4 A; a . O . a@ ° 
— a= cos — cos— — sin — sin — } sin ada. (13) 
p 2 2 2 2 ; 


do 2 


Making use of (4) we find 


a a a, a 
cos — + —cos—sin?—-:-:- 
2*3 2 2 


. a2 a.,e a 
sin — — —sin — cos?— - 
, 32 2 2 


Which in (13) give 


7 
o ae . 
_— f (cos a +-sin’ a ) sin ada, 
oo 0 4 


o 
d0 


If (5) is expanded in a power series in A the result is obtained 
(17) 


It is thus found that the results obtained when the nutation does and 
does not persist are different, as given by equations (16) and (8) respec- 
tively, and that in only one case does the result check that of Langevin, 
which, written in terms of a, is 


(18) 


The result of Langevin is thus seen to be the same, for small values of a 
as that obtained from a study of the gyroscopic motion, provided only 
that the nutation persists. It should be pointed out, however, that 
this check probably has no significance, and there is no reason why one 
should expect a check; for Langevin’s result is a complete result, while 


1 A. G. Webster, Dynamics of a Particle, etc., page 286. 
2 Andrew Gray, Gyrostatics and Rotational Motion, page ror. 
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the result given by (16) is a partial result obtained from a study of one 
component only of the magnetic moment. The check would be actual, 
rather than merely apparent, only if the magnetic axes of all the mole- 
cules happened to coincide with their spin axes. With the ordinary 
picture of a molecule this is exactly what one would expect would not 
be the case. For example the magnetic axis of a hydrogen molecule 
will be along the line joining the nuclei, while the rotation as caused by 
thermal impact could probably have no component in this direction. 

IV. If now the assumption is made that the axes of rotation of the 
molecules are isotropically oriented with respect to the magnetic axes, 
so that the number whose magnetic axis makes an angle lying between 
g and ¢ + dg with the axis of rotation is given by an expression similar 
to (1) we can compute that part of the magnetic moment per gram 
molecule of the gas which is due to the component of magnetic moment 
in the direction of the axes of rotation. For if we now let M represent 
the total magnetic moment of a molecule the component of M along 
the spin axis will be M cos yg, where dn = 3 sin gdg molecules have their 
magnetic axes making an angle with their axes of rotation lying between 
g and g¢+dg. These dn molecules contribute, according to (16), a 
magnetic moment! 
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Combining this result with that obtained in the previous paper for that 
part of the magnetic moment per gram moleculé which is due to the 
component of magnetic moment perpendicular to the axis of rotation 
we have for the complete result 


(21) 


It is thus seen that the magnetic susceptibility is diamagnetic if the 
nutation persists. If the nutation does not persist the calculation given 
in the previous article holds, and the result is a paramagnetic suscepti- 
bility of the same numerical magnitude. 

This result will be restated, laying special emphasis upon the hypo- 
theses under which it has been obtained. There are three chief assump- 


“1 The notation of the previous article is used in the following equations. 
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tions involved: that the magnetic axes are isotropically oriented with 
respect to the spin axes, that the gyroscopic motion discussed takes 
place sensibly independently of and undisturbed by whatever hastening 
and retarding of the spin is caused by the component of magnetic moment 
normal to the spin axis, and that (at least on the average) thermal impacts 
do not disturb the complexion of the system. Under these conditions 
a gas is paramagnetic or diamagnetic according as the nutation of the 
gyroscopic motion is damped out or persists. In general it would seem 
theoretically possible to determine experimentally whether or not it 
persists by investigating whether there is a rise in temperature, otherwise 
unexplainable, when the gas is placed in a field: for if this motion is 
damped out the energy thus subtracted would have to be redistributed 
between the different degrees of freedom of the gas, and therefore would 
appear, in part at least, as ordinary heat motion. In the case of a gas 
satisfying the conditions above stated the matter could be settled more 
easily by simply observing whether the gas was paramagnetic or diamag- 
netic. If for any reason the nutation was partially damped out a value 
intermediate to the two above-stated results might be expected. The 
intervals of time associated with the motions of a molecule are very small 
indeed, and it is perhaps possible that ordinarily fields are brought into 
existence at a rate which could be considered infinitely slow as measured 
in such units, in which case one would perhaps expect to find the pre- 
cession taking place steadily at the lower limit 6;, and the result thus 
paramagnetic. However for those gases which come under this theory 
the facts of experiment will settle definitely this question. 

IV. The first of the three assumptions above stated is that the mag- 
netic axes are distributed by chance uniformly with respect to the spin 
axes. This assumption would seem to be justified only for spherical 
molecules. In reply to a suggestion that this was probably the case 
Professor Honda reports that they found shortly after the publication 
of their paper that this assumption would indeed hold only for spherical 
molecules. This invalidates the latter part of their section 8, beginning 
with the sentence “If the form of the molecules is a body of revolu- 

V. It is important to consider carefully the third assumption stated 
above. It is surely justified in the case of smooth, spherical molecules, 
for then the thermal impacts can have no effect whatsoever upon the 
orientations of the molecules. Translations, such as they cause, obvi- 
ously do not have to be considered. It is obviously impossible, in the 
present state of our knowledge, to say directly whether or not a gas is 
composed of smooth spherical molecules, and indeed such a description 
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probably means little or nothing as strictly applied to a molecule, but 
a study of the ratio of the specific heats furnishes us with information, 
while indirect, of exactly the sort we require: that is, it tells us whether 
(whatever the shape and composition of the molecules) thermal impacts 
do alter the orientations of molecules. Argon, for example, would seem 
to satisfy the requirement. In the case of diatomic molecules, or mole- 
cules of more complicated structure, the thermal impacts surely can 
affect the orientations of the molecules, and it is necessary to inquire 
what the total average effect will be. For a rotating body whose mo- 
ments of inertia about the three principal axes are of the same order of 
magnitude the frequency of the nutation is of the same order as the 
angular velocity about the axis of spin—in this case of the order of 
10!5/sec. The frequency of molecular bombardment under standard 
conditions is of the order of 10!°/sec. For small applied moments, and 
high spin velocities the frequency of precession will be very small. Thus 
we are dealing with three intervals of time of widely different orders of 
magnitude. From the point of view of the molecular bombardment the 
precession does not exist at all, it is so slow; while the nutation is so 
rapid that a number of nutational oscillations of the order of 10° will 
take place, on the average, between collisions. Thus when the field is 
applied the orientation of magnetic axes, originally isotropic, will be 
slightly altered, each molecule turning so that, on the average, its mag- 
netic axis makes a slightly smaller angle with the direction of the field 
than it did originally. This motion will get well under way before 
collisions, on the average, have a chance to alter the state of affairs. 
Something of the order of fifty thousand nutational oscillations will have 
been performed before the first impact occurs. What will be the effect 
of'this impact? A detailed consideration would surely be a very involved 
matter, and perhaps one too difficult to carry through. It would require 
at least eighteen and probably more independent variables to specify 
one such impact completely. We may at least suppose, however, that 
after some considerable time has elapsed subsequent to the impact 
(‘‘considerable”’ as compared to the period of the nutation) the molecule 
will be rotating at a new rate, and precessing about the direction of the 
field making a new angle with it. In other words the impact has changed 
it from a molecule of class A, which is defined as being composed of all 
those molecules whose spin velocity lies between w and w + dw, and 
whose angle with the direction of the field lies between y and y + dy 
over into a molecule of class B, in which these same quantities lie between 
different limits. The situation is similar to that considered by Kriiger' 


1F, Kriiger, Annalen Physik [iv], 50, 346. 
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in his theory of gyroscopic molecules, except that in our case there is 
an external field which is effective in producing torque. Thus on the 
whole, and from the point of view of one studying the nutational motion 
with instruments adapted for such intervals of time as are involved, the 
motion will consist, except for a very small fraction of the time, of the 
gyroscopic type first considered. Now this does not imply that for 
every molecule which is changed by a given impact from class A to class B 
there is another one which is changed from class B to class A. If this 
were so the total average effect of thermal impacts would be obviously 
null. If Langevin’s analysis is to be considered completely satisfactory 
in the light of these ideas then we should conclude that for every mole- 
cule which is caused by an impact to leave class A and enter class B 
another is caused to leave class B and enter class A, the total number 
in a given class remaining constant: for Langevin’s result is the same, 
for small values of a, as that demanded by the simpler theory which 
does not take into account the effect of impacts. The average effect 
of impacts would therefore have been shown null. 

But if, on the other hand, a complete statistical study should reveal a 
different result then this different result will be absolutely independent 
of the initial orientation of axes which the gyroscopic theory indicates. 
The complexion of the system demanded by the statistical study would 
be established regardless of the initial orientation of axes. This initial 
orientation of axes, differing slightly from an isotropic one, is the sole 
effect of the gyroscopic action. If there is a single normal state of the 
gas, considered as a dynamical system, then this normal state will be 
attained, after a lapse of time, independent of the initial state of the 
gas unless indeed this initial state be such that the normal state is im- 
possible, and provided that the collisions can effect changes in the 
system which make it tend towards the normal state. In illustration of 
this last condition we may imagine a certain normal partition of potential 
energy in a gas composed of smooth, spherical molecules, where the 
potential energy is a function of the orientation of a molecule (as it 
indeed is in the case of a molecule possessing a given magnetic moment), 
but obviously we have no reason to expect this normal partition to be 
effected by thermal impacts, since they can have no affect upon orienta- 
tions. Thus we cannot expect the results of a statistical study, or any 
result which rests indirectly upon a statistical study, to furnish us 
information regarding the orientations of smooth spherical molecules. 
Langevin’s result for the paramagnetic susceptibility of a gas therefore 
does not hold for that case, it being based on the assumption of the 
existence of a certain normal partition of potential energy as being 
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brought about by the statistical effect of collisions, when as a matter 
of fact the collisions could not affect the partition of potential energy 
at all in this case. For such a gas, therefore, the susceptibility would 
be given by (21) if the nutations persist, by the same quantity with the 
sign changed if it does not persist, and by something intermediate to 
them in case it is partly damped out. It is hoped to later consider, on 
general grounds, the statistical problem here suggested. 

With respect to the problem involved in the study of the effect of 
thermal impacts on a gyro-molecule Professor Honda has written me 
as follows: ‘‘ When the spinning velocity of the gyro-molecules is very 
large the angular velocity of precession will be slow, as you have re- 
marked. But the effect of thermal impacts on spinning molecules is 

‘quite different from that on non-spinning molecules. (1) The thermal 
impact causes only momentary precession and nutation; when the 
impact is finished the gyro-molecules assume their original orientation 
before the impact. (2) Moreover the thermal impacts will take place 
equally often so as to rotate the axis of the gyro-molecule in the direction 
of the magnetic field, as in the opposite direction. Hence we cannot 
see the reason why the thermal impact results in preventing the mole- 
cules from directing towards the magnetic field, as Langevin admits it. 
In fact our investigation of the gyro-molecules gives a dynamical mechan- 
ism for the Langevin distribution of the direction of the axes of magnetic 
molecules.” 

The numbers inserted in the above quotation are to facilitate refer- 
ence to a particular sentence. The sentence number (1) seems to me 
definitely incorrect. If a gyro-molecule is in a steady state the angular 
momentum about a line through o and having any direction is constant. 
Suppose for simplicity one choses for the direction of this line the direc- 
tion of the total resultant vector angular momentum, so that the com- 
ponent along the line chosen be a maximum. ‘Then suppose there to be 
an impact. In general the direction of the force exerted upon the mole- 
cule under consideration will not pass through O, and the effect of the 
impact will be to permanently alter the value of the angular momentum. 
In particular the component of angular momentum along the line chosen 
cannot be the same after impact as it was before impact, and the gyro- 
molecule obviously cannot return, after the duration of the impact, to 
its original state. 

The sentence numbered (2) can be satisfactorily substantiated only, 
it would seem, by the sort of detailed statistical study proposed above. 
It may be that Professors Honda and Okubo have successfully completed 
this study, and make this statement upon entirely sufficient grounds. 
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One’s inclination is, however, that it cannot be true. The situation is 
so extremely complicated that it seems hardly likely that so simple a 
state actually exists with respect to the effect of impacts. 

The remainder of the quotation is commented upon by the whole of 
this present section. 

VI. In conclusion it should be noted that since the magnetic sus- 
ceptibility appears here as a differential effect of the paramagnetic 
action of one component of the magnetic moment and the diamagnetic 
action of the other component it is perhaps not justifiable to neglect 
the ordinary diamagnetic effect of the growth of the field upon the 
elementary circuits. This effect which is a change — 6M in the mag- 
netic moment of each molecule was spoken of in I., and although it is 
small it may be comparable to the difference between the two larger’ 
quantities referred to above. It is always easily included. 
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A PHOTOGRAPHIC METHOD OF FINDING THE INSTAN- 
TANEOUS VELOCITY OF SPARK WAVES. 


By ArTHuUR L. FOLEY. 


SYNOPSIS. 


The velocity of explosive sound waves, determined by early investigators, is briefly 
discussed, particularly the several experiments of Mach and his associates on the 
velocity of spark waves. 

A new and direct photographic method for finding spark wave velocity. A shadow 
of a sound wave produced by an electric spark near the center of a long light-tight 
rectangular box was cast on a dry plate at one end of the box by the light from a 
properly timed spark at the other end. A notched rim steel disk was rotated at a 
high and measured speed just in front of and parallel with the dry plate, the shadow 
of the disk covering but a narrow strip along one edge of the plate. Both the 
sound and light sparks cast notch shadows on the plate, the distance between the 
two shadows of the same notch giving the time interval between the sparks, and 
the sound wave picture the distance traversed by the wave in that interval. Plotting 
distance against time, the tangent to the curve at a given point gives the instan- 
taneous velocity of the wave at that point. The formula used in calculating time 
intervals is derived and discussed. 

Velocity almost normal except near the spark. Measurements were made on two 
hundred and eighty plates, for waves from 0.32 cm. to 50 cm. in radius, for both 
heavy and thin sparks, and for disk edge speeds of almost two hundred meters per 
second. A wave velocity double the normal at 0.32 cm. from the spark axis de- 
creased very rapidly with increasing distance and at 2 cm. from the source was 
only slightly above normal. At points relatively near the spark where the intensity 
of the expanding wave was still great, the velocity of waves from heavy sparks 
was greater than that from thin sparks. Reference is made to corroborative results 
obtained by the writer when using two other photographic methods. 

Sources of error in previous investigations eliminated by the photographic method. 
Previous investigators have found average and not instantaneous velocities. Since 
the velocity very close to the source is very high, average velocities run high. How- 
ever, previous results have been entirely too high due to errors inherent in the 
experimental methods used. Attention is directed to several, the chief one being 
the use of tubes or “canals."” The paper gives a photograph of a sound wave, a 
part of which has passed through a canal of the size used by Mach, the other part 
expanding freely into the space about the spark, showing the former wave thirty 
per cent faster than the latter—due to the lower average intensity of the expanding 
wave. 


GENERAL AND HISTORICAL. 
EWTON’S equation for the velocity of sound, according to which 
all sounds travel at the same rate, was derived on the assumption 
of infinitely small displacements. Several writers have shown that the 
velocity of sound waves of finite amplitude is a function of the amplitude 
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and therefore a function of the intensity. Numerous experimenters 
have verified the theory in the case of ‘“‘sharp’’ sounds, such as are gen- 
erated by electric sparks and quick acting explosives. Owing to its 
importance in war, sound ranging for instance, the velocity of sound 
produced by firing large guns has been studied extensively by military 
as well as by other investigators. Regnault! (in 1864), by electrically 
recording the reciprocal firing and the waves from two guns, found an 
average velocity of 331.37 m. per sec. for the first 1,280 m. from the gun, 
and a velocity of 329.9 for the next 1,165 meters. Jacques? (in 1879), 
using membrane receivers and a chronograph recorder, showed that the 
velocity of sound about a gun depends on the direction. For a cannon 
charged with one and one half pounds of powder the velocity immediately 
in the rear of the gun was below normal, and at 20 ft. the velocity was 
fifteen per cent. less than it was at 80 ft. behind the gun. 

Wolff® sought to determine the nature of the disturbance resulting 
from an explosion and concluded that the type is essentially that of a 
sound wave, the velocity increasing with the violence of the explosion. 
Vieillet had previously found that he could obtain a wave velocity in 
air of 1,100 meters per second by sharpening the explosion of fulminate 
by tightly packing it. Both Earnshaw® and Riemann,’ in a theoretical 
discussion of waves of finite amplitude, had shown that for such waves 
an increased velocity was to be expected. 

In 1860 Earnshaw’ derived an equation for the velocity of sound in 
air in which he did not assume, as did Newton, that the air is a con- 
tinuous medium, nor was it necessary to apply the Laplace and Poisson 
correction. Earnshaw’s equation makes the velocity of sound in air a 
function of both intensity and pitch, the effect of pitch being quite 
small. Earnshaw! concluded that “‘ there is no other limit to the ve- 
locity with which a violent sound is transmissible through the atmosphere, 
than that which the possibility of supplying a sufficient degree of force 
in its genesis may impose. Hence it is probable that there is no sound 
which is propagated faster than a thunder clap, the genesis of which 
by the electric discharge being extremely violent and almost instan- 
taneous, and accompanied by a large development of heat. If the 


1V. Regnault, Mem. de |’Acad. Paris, 37, 1, 3, 1868; Comptes Rendus, 66, 209, 1868; 
Phil. Mag., S. 4, V. 35, 161, 1868. 

2W. W. Jacques, Sill. Journ. (3), 17, 116, 1879. 

3W. W. Wolff, Wied. Ann., 69, 329, 1899. 

4P. Vieille, Comptes Rendus, 127, 41, 1898. 

5S. Earnshaw, Proc. Roy. Soc., Jan., 1859, Vol. IX., p. 590. 

6 B. Riemann, Géttingen Abhandlungen, t. viii, 186, Abstract in Fortschritte der Physik, 
XV, p. 123. 
7S. Earnshaw, Phil. Mag., June, 1860, Vol. XIX., p. 449, and Vol. XX., p. 39. 
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theory here advanced be true, the report of firearms should travel faster 
than the human voice; and the crash of thunder faster than the report 
of a cannon.” 

Earnshaw’s prediction has been found to be true as far as the report 
of fire arms is concerned. As far as the writer knows, no trustworthy 
results have been obtained for the velocity of thunder. However, a 
large number of experimenters have worked on the problem of finding 
the velocity of waves from electric sparks. Although the energy involved 
in such sparks is not comparable to that in a lightning flash, nevertheless, 
the wave generation is ‘‘ extremely violent and practically instan- 
taneous,” and an increased velocity of the spark wave near the source 
would be expected. 

Most of the early work on the velocity of propagation of spark waves 
was done by using Antolik! figures, markings produced on a soot-covered 
or dusty plate by an electric discharge to or very near the plate. Antolik 
supposed the figures to be indicative of the nature of the electric discharge. 
They were later proven to be of acoustic origin.” 

Mach and Gruss® studied the interference strips produced on sooty 
glass by two sparks or by a spark and its image by reflection, noting the 
displacement of the soot figures when one of the sparks was retarded 
by connecting Leyden jars in cascade and applying Feddersen’s law to 
determine the time interval involved. They concluded (really assumed) 
that the velocity of their spark waves was about 400 meters per second. 
Mach and Sommer‘ continued the use of interference strips on sooty 
plates, but they resorted to experiment to determine the time interval 
between their sparks. One method was to set off the two sparks placed 
a known distance apart by firing a bullet between the two pairs of spark 
terminals, the speed of the bullet being determined by means of a ballistic 
pendulum. In another experiment it was found by firing a bullet hori- 
zontally through two vertical films supported on frames which were 
suspended some distance apart, and firing again when the two films were 
dropped simultaneously at the firing of the gun. The distance between 
the two holes in each screen gave the respective distances dropped 
through and by calculation the time required for the bullet to travel 
from the first to the second films, and finally the speed. Later they 
found it better to mount the two films at opposite ends of a rectangular 
box, to insure their simultaneous start. Still later they mounted the 


1K. Antolik, Pogg. Ann., 151, 127, 154, 14, 1875. 

2 E. Mach u. J. Wosyka, Sitzungsber. der K. Gesellsch. der Wissensch. zu Wien, 72, 1875; 
W. Rosick;, l. c., 73, 1876. 
3E. Mach und G. Gruss, Wien. Ber., 78, 14, 1878. 
“4E. Mach und J. Sommer, Wien. Ber., 75, 1877. 
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SERIES. 





films at opposite ends of a shaft which was rotated at a high and optically 
determined speed. The results obtained by the ballistic method of 
determining the speed of the bullet range from 393 to 468 meters per 
second, for the velocity of a spark wave at distances of some 30 cm. from 
the source. The gravity method of obtaining the bullet speed gave 
even greater differences in the computed spark wave velocity. When 
two hammers were dropped simultaneously through unequal distances 
on fulminate of mercury the sound velocity ranged from 654 to 817 and 
634 to 686, depending on whether the end of the tube in which the 
explosion occurred was closed or open. Although Mach and Sommer 
tried several other methods without obtaining results more consistent 
than those given above, nevertheless, they were able to announce that 
the velocity of an explosion sound wave depended upon its intensity, 
the method of its production, and the distance from the source. They 
classed spark waves as explosion waves. 

A year later Mach! and his students published the results of an experi- 
ment in which they produced their interference figures on a soot covered 
revolving plate, the speed of which was determined stroboscopically. 
In one case the figures were obtained from the interference of the sound 
wave from a spark discharging directly to the rotating plate and the 
waves from a simultaneous (series) spark led to the plate through a tube 
of variable length. In another case, both sparks, connected in series, 
discharged directly to the rotating plate but at points some distance 
apart. One of the sparks produced a wave traveling in the same direc- 
tion as the surface of the plate, the other a wave traveling in the opposite 
direction, the two waves interfering along a strip displaced toward the 
former spark. The former of the two methods appeared to yield the 
most consistent results. But as Mach’s results do not agree at all 
with the results obtained by the writer, their discussion will be taken 
up in connection with the consideration of the writer’s results,—after 
his method of determining spark wave velocities has been described. 


Apparatus and Method. 


The photographic part of the apparatus used in this investigation was 
very similar to that described by the writer in a paper on “A New 
Method of Photographing Sound Waves,’ to which the reader is referred 
for details not given in this paper. 

The Leyden jars L, L, Fig. 1, charged by a Wagner static machine 
with two electrically driven revolving. mica plates thirty inches in diam- 


1E,. Mach, O. Tumlirz und C. Kégler, Wien. Ber., 77, 1878. 
2 Puys. Rev., XXXV., No. 5, Nov., 1912, p. 373. 
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eter and yielding ten inch sparks, were discharged through the gaps 
G, G, the commutator C, and the two spark gaps S and J, connected in 
series. Partly by varying the relative lengths of the gaps S and IJ, 
but chiefly by varying the relative capacities L and K, the time of the 
illuminating spark J was made to occur a little later than the sound 
spark S, and to cast on the photographic dry plate P, a shadow of the 
sound wave produced by the spark at S. 

A steel saw disk D, was mounted so as to be rotated at high speed 
parallel to the surface of the dry plate P, with the upper edge of the disk 

















Fig. 1. 


covering a narrow strip at the lower edge of the dry plate,—just enough 
to permit the shadow of the disk produced by the sparks at S and / to 
be photographed along with the sound wave shadow. The steel disk 
was made and mounted by a circular saw manufacturing company and 
was as well balanced as the manufacturer could make it. Several days 
were spent in testing the disk on knife edges and perfecting its balance. 
Notwithstanding the care taken in its making and mounting, it was 
thought unsafe to push the speed of rotation beyond eighty revolutions 
per second. As the disk was 239.39 cm. in circumference, this cor- 
responded to a lineal speed of 191.51 meters per second, more than half 
the velocity of sound. At a slightly higher speed the disk began to 
warp and vibrate in a frightful manner. In coming up to speed the 
disk passed through two critical speeds at which there was some warping 
and vibration, but nothing compared to what a still higher speed called 
forth. 

In partial explanation of the warping of the disk after so much work 
spent in balancing it, attention is called to the difference in air pressures 
on different parts of surface due to the fact that it did not rotate in the 
center of the light tight box in which it was mounted. The distance 
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from the surface of the dry plate to the surface of the disk was but 
I.5 cm., sometimes only 1 cm. Even when the distance was 1.5 cm. 
the disk was rotating within 1 cm. of the edge of the plate holder and 
about 1.3 cm. from the slide. The unbalanced air pressure on the slide 
was so great at the higher speeds that it could scarcely be moved in 
the holder. 

The edge of the disk was ground (beveled) to a chisel edge with the 
plane side next the dry plate and 1.5 cm. from it (only 1 cm. distant dur- 
ing a part of the observations). Small V-shaped notches were made 
in the sharp edge of the disk by means of a small three cornered file 
held against the edge, at right angles to the plane of the disk, and tapped 
lightly with a hammer. The faces of the file had been ground smooth. 
The burr produced when the edge of the disk was dented (notched) was 
carefully removed by means of a smoothing file. The notches averaged 
about 2 cm. apart and were purposely made of various depths (.2 to 
2 mm.) and at unequal distances in order to identify their shadows on 
the photographic plate. 

The disk D was driven by means of a variable speed electric motor. 
The shaft of the disk was connected to a revolution counter and to a 
Van Sicklen-Elgin chronometric tachometer. 

The first plan for controlling the sparks across the gaps G, G, was to 
place a glass plate transversely across the middle of each gap, the plates 
being fastened at one end to a wooden shaft by means of which they 
could be simultaneously rotated from between the gap terminals to 
permit the passage of a spark and rotated back to prevent a second spark. 
In practice, however, it was found much better to rotate the plates 
from between the terminals and to lengthen the two gaps G, G, until 
sparks ceased to pass. Sparks were then produced at will by a quick 
motion of the plates toward and away from the gaps. The lengths of 
the four gaps were varied from time to time along with the capacities 
L and K to obtain the desired time intervals between the sound and 
illuminating sparks. On the average, each of gaps G, G was made from 
6 cm. to 8 cm. and S and J from 2 cm. to 3 cm. in length. 

The Leyden jars used for the capacities L and K varied in capacity 
from 510 cm. to 536 cm. averaging 525 cm. ‘The much smaller jar on 
the electric machine together with the capacity of the machine itself, 
appeared to be roughly equal to the capacity of one of the 525 cm. jars, 
and is so considered in the data recorded in this paper. 

Care in arranging and adjusting the apparatus will not secure a uni- 
form time interval between the sound and illuminating sparks. If one 
takes a sound wave picture and in an hour takes another, making no 
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change whatever in the apparatus or its adjustment, the first time 
interval may be so short that the sound wave does not have time to get 
started, the second so long that the wave passes beyond the limits of the 
plate; or vice versa. However, most of this time variation can be over- 
come by frequently polishing the spark knobs (brass spheres about 
2 cm. in diameter) of the spark gaps G, G, and by sparking the apparatus 
several times before making an exposure. 

The procedure finally adopted was as follows: While an assistant C 
was bringing the disk up to speed, an assistant R, by rotating the glass 
plate previously referred to, produced sparks at regular time intervals, 
usually about three seconds. With eyes protected from the intense 
light of the illuminating spark by a pair of clouded glasses, and with a 
ground glass covering the end of the box instead of the plate P shown 
in Fig. 1, the writer viewed the shadow of the sound spark and adjusted 
the capacities and spark gap lengths until sound waves of the desired 
radius appeared on the ground glass. A long wooden bar, not shown 
in the figure, extending from the plate end of the box to a lever system 
at the illuminating gap enabled the observer to adjust the gap while 
viewing the waves. When once the capacities were adjusted to give 
waves, adjustment of the illuminating gap alone was sufficient to get 
them of any desired radius. This having been done, the ground glass 
was replaced by a dry plate and the exposure made by drawing the slide 
during the three second interval between the sparks. Tachometer 
readings of the speed of the disk were made immediately before, at the 
time of, and just after the exposure. Temperatures were taken both 
outside and inside the light tight box, the latter at a point near the 
sound spark gap. Finally, barometer and wet bulb hygrometer readings 
were taken, though not used in the calculations. 

The sound and illuminating gaps, being placed longitudinally in the 
box, may be considered as point sources of light, as far as the plate P is 
concerned. When the sound spark occurred a shadow of the rotating 
disk D was cast on the dry plate, the V-shaped notches being clear cut, 
notwithstanding the high speed of the disk. Later the illuminating 
spark occurred and cast a shadow of the wave produced by the sound 
spark, together with a second shadow of the rotating disk. The distance 
between the two shadows of the same notch enables one to calculate the 
time interval between the sparks. From the radius of the wave shadow 
as measured on the plate, one readily calculates the actual wave radius. 
The quotient of the radius by the time might be supposed to give the 
average velocity. However, this statement involves two assumptions 
which the writer will call in question later. 
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To obtain pictures of waves greater than 15 cm. in radius, which 
otherwise would have been beyond the limits of the dry plate, a plane 
reflector was placed on each side of the sound spark gap, at such a distance 
from the gap that the wave, after any number of reflections, was always 
shadowed on the plate. In this manner waves were measured as large 
as 50 cm. in radius. There would have been no difficulty in extending 
the method to waves of much greater radius. 

Figure 7 shows the vertical sound gap, the hot gases, the spark axis, 
the reflected wave and the notched ‘edge of the rotating disk. Much 
of the detail, particularly the definition of the notches in the disk, has 
been lost in reduction and reproduction. In judging of the definition 
of the wave shown on this plate, one should remember that the sound 
spark is much nearer the dry plate than the illuminating spark and that 
nothing can be placed between the sound spark and the dry plate to 
prevent the light of the sound spark from fogging the plate as was done 
by the writer when he was using a horizontal sound gap. The light 
intensity of the illuminating spark must be many times that of the 
sound spark to obtain the definition shown on Fig. 1. The details of 
the illuminating gap are given in the writer’s paper to which reference 
has already been made. 


CALCULATIONS. 


To determine from the distance measured on the plate the actual 

distance through which a disk notch turned during the time interval 

! between the sparks, the writer assumes 

that the cord of a short arc of a disk thirty 

inches in diameter may be taken equal to 
the arc. 

Figure 2 is a vertical projection in which 

I is the illuminating spark, S the sound 

spark, D the edge of the disk, P the edge 

of the dry plate. Suppose the disk moving 

rapidly in the direction of the arrows. 

When the sound spark occurs at S the 

shadows of notches M and R are cast at 

P O and T respectively. By the time the 

Fie. 2. illuminating spark occurs at J, the notches 

M and R have moved to N and V, and 

their shadows are cast at Q and U, respectively. Let C and K be points 

on the disk and dry plate, respectively, and on a straight line through 

Sand I. 
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MN =d, 
RV =d', 
OQ = X, 
TU = X’, 
QK = D, 
KU=D', 
SC 
=x” 
IC 
TK = b. 
Then 
d =a-OK —b-D 
= a(OK — D) + (a — b)D 
= ax + (a — b)D, 
d’ = bD'—a-KT ~ 
= a(D’ — KT) — (a — 0)D' 
= ax’ — (a — 0)D’. 
But 


d=d =} +2), 
(1) d = 3[a(x + x’) + (@ — 1)(D — D’)]. 


The following are the dimensions used during the greater part of this 
investigation: 


SC = 148 cm., SK = 149.5 cm., IC = 277.3 cm., 
and IK = 278.8 cm. 


Using these dimensions to obtain the values of a and b and supplying 
in (1) 


(2) d = .495(x + x’) — .0023(D — D’). 


’ 


The “constants’”’ appearing in (2) were varied occasionally by chang- 
ing the distance between the disk and dry plate, a ranging in value from 
.495 to .493 and b from .0023 to .oo4. 

Let ¢ = the time interval between the sound and illuminating sparks, 
2mr = 239.39 cm. = circumference of disk, 2 = number of revolutions 
of the disk per second: 

d d 
t= = 
27rn =: 239.39 X Nn 





(3). 


seconds. 
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The value of d given by equation (2) was checked as follows: With 
the disk at rest, a dry plate in position and the illuminating gap short 
circuited, a spark was sent through the sound gap. The disk was then 
rotated a measured distance, the sound gap short-circuited and a spark 
passed through the illuminating gap. The measured value of d and the 
value calculated from the plate by equation (2) agreed to within 0.1 per 
cent. A higher degree of accuracy in measuring d, and therefore in 
measuring the time interval ¢, is not necessary, because the radius of a 
wave near the source can not be measured to any higher degree of accur- 
acy. The wave shadow fades out more or less gradually on each side 
of the point of maximum density. Consequently one can not locate 
exactly the wave front. Then, too, the changing form of the wave and 
its variation in intensity affect somewhat the distribution of light in the 
wave shadow. 
RESULTS. 

Altogether the writer made measurements and computed the velocities 
of the waves on two hundred and eighty plates. Some of the data and 
results are given in Table I., the only point considered in their selection 
being to show waves of widely different radii. 























TABLE I 
| | | Wave Radius. | | Wave Velocity. 
muse |v, | 7, | 2, | |e | aee-| acces | Ree], ie. | tees |Semme- 
Num-| Cm. | Cm. | Cm. Cm. | Equation ba. pal Fo vm per |Sec.xrof. age’ taneous 
ber. | | 1, Cm. Plate, lated), ec. | Radius from 
} | con | Gm. | Time, Curve, 
| 


143 0.021 2.1 7.2 | 0.057'0.03744 0.75) 0.349 58.9 | 0.2687 1,295 678 
lila 0.063} 3.0 1.7 | 0.098 0.08415 1.11) 0.615 34.82 | 0.8851 695 546 
123a |0.216| 1.16 | 6.24 | 0.274/0.2213 2.27 | 1.247 41.83] 2.216 | 562) 423 
124a |0.85 | 4.35 | 3.9 | 0.91 (0.7686 6.4 | 3.52 41.5 | 7.759 454 383 
123K/1.87 | 3.6 | 3.9 | 1.93 |18718 13.15 | 7.48 41.07 |18.82 398 | 358 
1253 5.4 0.0 | 00 4.0 |9.312 33.86 41.5 93.97 360 357 














Figure 3 is a plot of time and wave radius. Inasmuch as it is not 
practicable to show two hundred and eighty points on so small a scale, 
most of the points represent averages of several time and space measure- 
ments, the circles for strong sparks, the dots for weak sparks. For 
strong sparks each of the capacities L, L, Fig. 1, consisted of seven jars 
(525 cm. each) and K of eighteen jars; for weak sparks, two and six 
jars respectively. 

The tangent to a curve drawn through these points gives the instan- 
taneous velocity of sound at a distance from the source corresponding 
to the point at which the tangent is drawn. In Fig. 3 the writer has 
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drawn a straight line at a slant corresponding to an average sound 
velocity of 354 meters per second. Inasmuch as the experimental obser- 
vations were made at a temperature of 24° C., at which the normal 
velocity of sound is 346.8 m. per sec., and the straight line appears to 


Y 






Y= SPACE IN CM 


X= TIME IN SECONDS xX 10~ 
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Fig. 3. . 
fit the data fairly well, it might be inferred that the velocity of a spark 
wave is constant and slightly greater than normal. But when the plot 


is made on a much larger scale, and for points nearer the sound source, 
Fig. 4, one sees that the velocity of a spark wave is not constant in this 
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Fig. 4. 
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SERIES. 


region. Note that observations have been made at points as close as 
3 mm. from the spark axis. Note, too, that the curve, if continued 
regularly, would not pass through the origin. The writer is studying 
the spark itself and will have something to say later about what happens 
in this region. It is evident, however, that the velocity of sound at 
points near the source can not be determined accurately by any method 
which involves the ratio of total space to total time. This ratio, for 
the nearest point on the curve, gives an average velocity of 1295 m. per 
sec., while the tangent to the curve at that point gives an instantaneous 
velocity of 678.6 m. per sec. The last two columns of Table I. give 
average and instantaneous values for other and more distant points. 
These values approach one another as the distance from the source 
increases but at points near the source they are widely different. 


An ordinate of Curve I of Figure 5 gives the instantaneous velocity of a 
f 


vol; Y= METERS PER SECOND 








X= WAVE RADIUS 

















spark wave as it passes a point whose distance from the source is the 
abscissa. An ordinate of Curve A gives the average velocity for the cor- 
responding distance from the source, both J and A being plotted from 
the writer’s measurements. Curve M is an average velocity curve plotted 
from Mach’s measurements. 

Comparing curves M and A, one observes that the spark wave veloci- 
ties obtained by Mach are much higher than those obtained by the writer, 
and that they decrease much less rapidly with increasing distance from 
the source. The lack of agreement is doubtless due in large measure to a 
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difference in the intensity of the sound waves used. Fig. 4 shows a 
slight difference between the velocities of waves produced by strong and 
weak sparks. But the writer’s strongest sparks were much less intense 
than those used by Mach. However, the question of the intensity of 
the sparks would have been of much less moment had Mach experimented 
with spark waves in free air. The intensity of such waves near the 
source decreases so rapidly with increasing distance that a high initial 
velocity soon becomes almost normal. But if the spark wave is generated 
at or near the end of a tube the initial energy of the portion of the wave 
entering the tube remains more nearly constant, giving an increased 
velocity through the tube, as the writer has previously shown.'! As a 
1 Puys. REv., XIV., No. 2, Aug., 1919, p. 143. 
matter of fact, in most of the work done by Mach and others on the 
velocity of spark waves near the source, the observers have passed the 
waves through ‘canals.’’ Figure 8 shows photographically what 
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FIG.6 
Fig. 6. 





happened when the writer produced a wave by a spark in the end of. a 
rectangular canal of the size used by Mach. Fig. 6 shows the arrange- 
ment of the apparatus at the sound spark. 

A rectangular tube was made by planing a groove 3 mm. deep and 
1.8 cm. wide in a block of insulating fiber F,5 mm. thick, 2.5 cm. wide 
and 6 cm. long, and covering with a piece of fiber €, 1 mm. thick. At T 
and P, 1 mm. from the end of the tube, holes were bored through the 
walls. One of the platinum terminals of the sound spark gap extended 
through one side wall of the tube. A short piece of platinum wire 
extended through the other wall. Thus the sound gap 77” was broken 
into two halves, S and S’. A spark wave produced at S was forced to 
travel 6 cm. through the rectangular tube before emerging into free air, 
while the wave produced simultaneously at S’ was free to expand from 
the start. 
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Figure 8 shows that the wave through the tube is considerably in 
advance of the one in free air. Calculation shows that the wave velocity 
in the tube for ‘“‘ strong ”’ sparks was some twenty-two per cent. greater 
than the velocity in free air. For weak sparks the velocity difference 
was somewhat less. 

Much of Mach’s work was done with a tube closed at the spark end. 
When the writer closed the end of the tube leaving everything else as 
shown in Fig. 6, he found a wave velocity in the tube more than thirty- 
five per cent. greater than the velocity in free air. For as heavy sparks 
as those used by Mach, doubtless the velocity differences would have 
been still greater. In short, we have here at least a partial explanation 
of the very high spark wave velocities obtained by several previous 
experimenters and of the lack of agreement between their results and 
those obtained in this investigation. It is clear that sound waves should 
not be confined in small tubes or “‘canals”’ in any investigation in- 
volving their velocity in free air. 

The method described in this paper is the writer’s third one, the 
first two having been published previously.!. While the third method 
gave more uniform results than either of the others, their averages are 
in good agreement and confirm the conclusions stated below. 


SUMMARY AND CONCLUSIONS. 


1. The instantaneous velocity of a spark wave has been determined 
by a photographic method which is free from the various sources of 
error of previous methods. 

2. Heretofore no velocity measurements have been attempted at 
points nearer than 8 cm. from the spark. This investigation carries the 
measurements to within 0.32 cm. of the source. 

3. The instantaneous velocity of spark waves was found to depend 
on wave intensity and therefore to depend on both spark intensity and 
distance from the source. 

4. A spark wave velocity almost double the normal velocity of sound 
at 0.32 cm. from the source decreased to almost normal at a distance of 
only 2 cm. from the source. 

5. The very high velocity obtained by Mach at 8 cm. from the source 
is explained as due in part to the use of very heavy sparks, but chiefly 
as error inherent in the methods used. 

6. The writer shows photographically that the velocity of spark 
waves through canals such as used by Mach is far greater than the 
velocity of the same wave in free air, and that the velocity in a canal 
increases with the intensity of the spark. 


1A. L. Foley, Proc. Indiana Acad. Science, 1919, p. 221. 
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7. Due to the motion of the air set up by a rotating disk measure- 
ments of sound wave velocity near the surface of the disk are wholly 
unreliable. 

8. Owing to the practically instantaneous generation of a spark wave 
and its first appearance at some distance from the spark axis, the quotient 
of wave radius by time (for points near the source) gives an ‘‘ average 
velocity ’’ much greater than the instantaneous velocity at the nearest 
point at which the wave can be differentiated from other spark phe- 
nomena. 

The writer wishes to acknowledge the aid given him in this research 
by a grant from the American Association for the Advancement of 
Science. 


WATERMAN INSTITUTE FOR RESEARCH, 
INDIANA UNIVERSITY, 
May, 1920. 
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IS THE ATOM THE ULTIMATE MAGNETIC PARTICLE? 


By ARTHUR H. COMPTON AND OSWALD ROGNLEY. 


SYNOPSIS. 

Effect of Magnetization of Crystal on Intensity of X-ray Reflection; Theory.—The 
intensity of reflection of X-rays from a crystal depends upon the arrangement of 
the atoms within the crystal and upon the arrangement of the electrons within the 
atom. If the ultimate magnetic particle is a group of atoms, such as the chemical 
molecule, magnetization of the crystal will change the orientation of the group 
and hence change the positions of the individual atoms. If the ultimate magnetic 
particle is the atom, magnetization will change the orientation of the atom and 
hence alter the arrangement of the electrons. In either case magnetization of a 
crystal should be accompanied by a change in the intensity of a beam of X-rays 
reflected from its surface. 

Effect of Magnetization of Crystal on Intensity of X-ray Reflection; Experiment.— 
Such an effect was sought for by reflecting X-rays from a crystal of magnetite and 
measuring the intensity of the reflected beam by a sensitive balance method. The 
test was made on the first four orders of reflection from the natural (111) face when 
the crystal was magnetized perpendicular to its reflecting surface and on the third 
order when magnetized parallel with this surface. On magnetizing the crystal 
to 1/3 of saturation and on demagnetization, no change in intensity of the reflected 
beam was observed, though a variation of 1 per cent. would have been detected. 

Molecule as Ultimate Magnetic Particle—A displacement of the atoms due to 
magnetization by 1/300th of their distance apart would have produced a detectable 
effect. This experiment therefore affords a strong confirmation of the conclusion 
reached by K. T. Compton and E. A. Trousdale that the elementary magnet is 
not a group of atoms. 

Motion of Elementary Magnet in Strong Magnetic Field.—An argument is pre- 
sented which shows that when saturation occurs the elementary magnets very 
probably have their axes nearly parallel with the direction of magnetization. 

Atom as Ultimate Magnetic Particle——Subject to the validity of this conclusion, 
it is not found possible to explain the negative result of the experiment if the atom 
as whole acts as the elementary magnet. Certain other explanations are also 
discussed and found unsatisfactory. 

Electron or Positive Nucleus as Ultimate Magnetic Particle—Either of these 
conceptions is in accord with the result of the experiment, but auxiliary evidence 
favors the electron as the probable elementary magnet. 


aroal 
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5 
FEW years ago K. T. Compton and E. A. Trousdale described in 
this journal' an experiment which led them to the conclusion 
that the ultimate magnetic particle is not any group of atoms, such as 
the chemical molecule, but is rather the atom or something within the 
atom. It has long been a favorite method of explaining the magnetic 


1K. T. Compton and E. A. Trousdale, PHys. REV., 5, 315 (1915). 
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properties of matter to rpret them in terms of the magnetic moment 
of electrons rotating iff™rbits. This hypothesis has seemed to receive 
support by the successes of the Rutherford-Bohr theory of atomic 
structure, whigh assumes the atom to consist of electrons revolving in 
orbits in such a manner that the atom must possess a large magnetic 
moment. Furthermore, the experiments of Barnett,! Einstein and 
de Haas? and J. Q. Stewart* have shown that the magnetization of iron 
is unquestionably accompanied by a change in angular momentum of 
the order of magnitude to be expected if the iron’s magnetic properties 
are due to electrons revolving in orbits. 

Experimental—We have accordingly performed an experiment de- 
signed to test the hypothesis that the elementary magnet in a ferro- 
magnetic substance is an atom consisting of rotating rings of electrons. 
In this experiment an attempt was made to detect a difference in the 
intensity of a beam of X-rays reflected from a crystal of magnetite 
when the crystal was magnetized and when unmagnetized.‘ It will be 
assumed for the present that all the elementary magnets of which a 
ferromagnetic substance is composed are arranged with their axes 
parallel with the magnetic field when the substance is magnetically 
saturated. If these ultimate magnetic particles are the individual 
atoms, the orientation of the atoms due to magnetization of the crystal 
will change the positions of the electrons of which the atoms are composed. 
In virtue of the fact that the intensity of a beam of X-rays reflected from 
a crystal face depends upon the arrangement of the electrons in the 
atoms which make up the crystal, such a shift of the electrons should 
make itself known by changing the intensity of the reflected beam. 

Consider for example a crystal composed of atoms of the Rutherford 
type, each atom having all its electrons arranged in the same plane and 
perpendicular to its magnetic axis. When the crystal is unmagnetized, 
the axes of the electronic orbits will be oriented in all possible directions, 
so that most of the electrons will be at an appreciable distance from the 
mid-planes of their atomic layers. If, however, the crystal is magnet- 
ically saturated perpendicular to the reflecting face, the electronic 
orbits will all lie parallel to this face. The electrons will now, therefore, 
be in the midplanes of the layers of atoms which are effective in pro- 
ducing the reflected beam. Such a shift of the electrons should produce 
a very considerable increase in the intensity of the reflected beam of 


1S. J. Barnett, PHys. REV., 6, 240 (1915). 

? Einstein and de Haas, Verh. d. deutsch. Phys. Ges., 17, 152 (1915). 

3 J. Q. Stewart, Puys. REv., 11, 100 (1918). 

4Cf. A. H. Compton and Oswald Rognley, Science, 46, 415 (1917); and Puys. REv., 11, 
-132 (1918) for preliminary accounts of this work. 
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X-rays, since the rays scattered by all the electrons will now be in the 
same phase. -.If the crystal is magnetized parallel to the reflecting face, 
the turning of the orbits will carry the electrons farther on the average 
from the middle of their atomic layers, the phase difference between 
the rays scattered by the different electrons will be greater, and a decrease 
in the intensity of reflection should result. If, on the other hand, the 
electrons are arranged isotropically in the atom, or if the atom is not 
rotated by a magnetic field, which would be the case if it is the individual 
electron or the positive nucleus that is the ultimate magnetic particle, 
no such change in the intensity of the reflected beam should be observed. 

In our search for this effect a null method was employed. The ioniza- 
tion due to the beam of X-rays reflected from a crystal of magnetite was 
balanced against that due to a beam of the same wave-length reflected 
from a crystal of rock-salt, so that a very small change in the relative 
intensity:of either beam could be detected while variations in the X-ray 
tube itself had but little effect. The experimental arrangement is 
shown diagrammatically in Fig. 1. From the target A X-rays fell upon 




















Fig. 1. 


the crystals C and C’, and were reflected into the ionization chambers 
I and I’. One of these chambers was at a positive and the other at a 
negative potential, and their electrodes were both connected to the same 
pair of electrometer quadrants. Thus if the ionization current was the 
same in both chambers there was no deflection of the electrometer. The 
beams could be balanced accurately against each other by use of the 
aluminium absorption wedges W and W’, operated by means of microm- 
eter screws. The crystal C was cemented to one pole of an electro- 
magnet with a laminated core, so that by changing from direct to alter- 
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nating current which could be gradually reduced to zero it was possible 
to magnetize or demagnetize the crystal at will. 

For the source of X-rays we used a Coolidge tube with a molybdenum 
anticathode, kindly supplied by Dr. W. D. Coolidge. As the source of 
high potential, a Snook-Roentgen machine was employed. The first 
order of the molybdenum a line (A = .721 A. U.) was always reflected 
into the ionization chamber I’, while different orders of the same line 
were reflected by the magnetite crystal into the chamber J. It was 
possible with this arrangement to detect with certainty variations in 
the relative intensity of either reflected beam as small as 1 per cent. 
Unfortunately our magnet was not strong enough to saturate the mag- 
netite crystal. The intensity of magnetization of the magnetite was 
about 150, which is just over 1/3 of the saturation intensity for mag- 
netite as determined by du Bois.! 

The effect of magnetization perpendicular to the plane of the crystal 
face was investigated in the first four orders. On account of mechanical 
difficulties, the test was made in only the third order spectrum when 
the crystal was magnetized parallel to the reflecting surface. In no 
case was a change as great as I per cent. observed in the intensity of the 
reflected beam when the crystal was magnetized or demagnetized. Our 
experimental results therefore may be summarized by the statement 
that the intensity of the X-ray beam reflected from magnetite is not altered 
by as much as 1 per cent. in the first four orders when the crystal is mag- 
netized to 1/3 of saturation perpendicular to the reflecting surface, nor in the 
third order by similarly magnetizing the crystal parallel to the reflecting face. 

The Orientation of the Elementary Magnets.—The conclusions which 
are to be drawn from this experiment depend upon the conception that 
we have of what occurs to the ultimate magnetic particles when a ferro- 
magnetic substance is magnetized. It is usually supposed that these 
elementary magnets have their axes so oriented by the external magnetic 
field that at saturation they are very nearly parallel with this field. 
Indeed, the manner in which this conception accounts for the phe- 
nomenon of saturation was originally perhaps the strongest argument 
in favor of the so-called ‘‘molecular’’ theory of magnetism. It should 
be noted, however, that the phenomenon of saturation is not in itself 
sufficient evidence that the ultimate magnetic particles have their axes 
oriented along the magnetic lines of force. This phenomenon would 
also occur if the elementary magnets were turned through only a small 
angle, but from one position of stable equilibrium to another beyond 
which it might be incapable of turning. 

1 Du Bois, Phil. Mag., 29, 293 (1890). 
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Perhaps the most convincing argument in favor of a complete rotation 
of the elementary magnets by a strong magnetic field is that which was 
brought forward originally by J. Swinburne! in connection with Ewing’s 
suggestion that the orientation of the “‘molecular magnets”’ is deter- 
mined by magnetic rather than by frictional forces. Swinburne points 
out that on this hypothesis, if the magnetization of a piece of iron is 
reversed by a strong rotating field instead of by a field alternating through 
zero, the loss in energy should be little or nothing, for if the molecules 
rotate with the field no unstable movements are possible. Experiments 
by F. G. Baily? on iron, by R. Beattie* on nickel and cobalt, and espe- 
cially by Weiss on pyrrhotite,‘ show that this is actually the case. For 
large fields, where saturation is approached, the hysteresis loss per cycle 
when a rotating magnetic field is applied is found in every case to be 
only a small fraction of the hysteresis loss per cycle due to an alternating 
magnetic field. There would seem to be no reason for this great reduc- 
tion in the hysteresis if the axes of the elementary magnets are unable 
to follow closely the rotating field. If seems difficult, therefore, to 
avoid the conclusion that the elementary magnet, whatever it may be, 
is free to be oriented in any direction.» This conclusion will accordingly 
form the basis of our interpretation of the experiment just described. 


1Cf. Encyclopedia Britannica, 11th ed., Vol. 17, p. 350. 

The referee to whom the editors submitted this paper has offered the following comment: 
‘‘It would seem that additional strong evidence is given by the experiments of Weiss and 
Kamerlingh Onnes in ‘ Researches sur L’Aimantation aux Tres Basses Temperatures,’ 
Journal de Physique, vol. 9, pp. 555-584, 1910. In this research it is shown that the mo- 
ment per c. c. resulting from complete orientation of the magnets differs by only 5 per cent 
in the case of nickel, 2 per cent in the case of iron, and 6 per cent in the case of magnetite 
from the experimentally measured saturation moment at ordinary temperatures.”’ 

It is indeed difficult to explain the very nearly complete saturation which this result 
indicates as due to anything other than an almost perfect alignment of the elementary 
magnets with the external field. 

2 Ibid. 

3 Ibid. 

4Cf. E. H. Williams, The Electron Theory of Magnetism, p. 40. 

'In any case the axis of the ultimate magnetic particle must describe a closed conical 
surface under the action of a rotating magnetic field in order to account for the reduced 
hysteresis. This conical surface is the locus of the possible stable orientations of the axis. 
If the elementary magnet is free to align itself with the external rotating field, the apex 
angle of this cone will be z; but if it is free to turn through only a small angle, the conical 
surface will have a sharp apex. The possibility suggests itself that the axis of this cone 
may represent some fixed axis in the elementary magnet, such as for example an electric 
axis, which may be slightly inclined to the magnetic axis and about which the magnetic axis 
may be free to turn. But any such rotation of one axis fixed in the particle about another 
means a rotation of the particle as a whole about the second axis. We cannot avoid in this 
manner, therefore, the conclusion that the elementary magnet is rotated by a rotating mag- 
netic field. 

In nature it is usual for an object to be capable of stable orientation in one direction, 
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The Molecule as the Ultimate Magnetic Particle—It is obvious that if 
the elementary magnet consists of some group of atoms within the 
ferromagnetic material, the arrangement of the atoms in a crystal will 
be greatly altered when the groups of atoms are rotated by a magnetic 
field. One would therefore expect, as was pointed out by K. T. Compton 
and E. A. Trousdale, that magnetization would change the positions of 
the spots in Laue photographs taken through magnetic crystals, since 
these positions are determined by the arrangement of the atoms. As 
we have seen, the negative result obtained by these experimenters 
indicates that the arrangement of the atoms is not greatly changéd by 
magnetization of ferromagnetic crystals. 

The experiment which we have performed gives still more definite 
information with regard to the displacement of the atoms in a magnetic 
field. It has been shown by W. H. Bragg! that the minute changes in 
the positions of the atoms due to a relatively small rise in temperature 
is suffictent to affect appreciably the intensity of a reflected beam of 
X-rays. The negative result of our experiment shows clearly, therefore, 
that the atoms in a crystal are not moved as far by magnetization as 
they are by a change of temperature well within the melting point of 
the crystal. In fact direct calculation shows that a displacement of 
the atoms by 1/300th of the distance between the successive atomic 
layers would have caused a detectable change in the intensity of the 
4th order spectrum. Our experiment therefore affords a very sensitive 
confirmation of the conclusion reached by K. T. Compton and E. A. 
Trousdale that the ultimate magnetic particle is not a group of atoms, 
such as the chemical molecule, but is the individual atom or something 
within the atom. 

The Atom as the Ultimate Magnetic Particle—If the atom as a whole 
is the ultimate magnetic particle, it is natural to assume that its magnetic 
moment is due to the presence of electrons revolving in orbits. The 
simplest example of this type is the Rutherford form of atom, in which 
all the electronic orbits lie in the same plane, perpendicular to the mag- 
netic axis. Let us therefore calculate the order of magnitude of the 
effect due to magnetization on the intensity of a reflected beam of X-rays 
if the reflecting crystal is composed of atoms of this type. 

Professor W. H. Bragg has shown? that the intensity of reflection of 
or at most in a finite number of directions. The ability to possess stable orientation in any 
direction in the surface of a narrow cone would require a mechanism that is difficult to imagine. 
It is certainly a much more artificial hypothesis than the conception of freedom for orientation 
in any direction. 


1W.H. Bragg and W. L. Bragg, X-rays and Crystal Structure, p. 195. 
. ?W.H. Bragg, Phil. Mag., 27, 881 (1914). 
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X-rays from a crystal in which the successive atomic layers are similar 
and similarly spaced falls off approximately according to the law 


C(1 + cos? 20) _ pansy 
: e : 
sin? 6 





(1) E= 


In this expression C and B are constants, and @ is the glancing angle at 
which the X-rays strike the crystal face. This law represents an average 
for a number of different kinds of crystals. Darwin has found,! however, 
from theoretical considerations, that if all the electrons are in the mid- 
planes of the atomic layers to which they belong, the intensity should 
fall off according to the law,? 


C"(s + com’ 28) _ none 
(2) £. = sin @cos@ ° ; 





This expression corresponds to reflection from a crystal composed of 
atoms of the Rutherford type which is magnetically saturated per- 
pendicularly to the crystal face. Expression (1) indicates the réflection © 
from an unmagnetized crystal, in which the magnetic axes of the atoms 
are oriented at random. The ratio of the intensity of reflection from 
the magnetized to that from the unmagnetized crystal should there- 


fore be 
En ey ; 
--- = —tan 0. 


E C 


For our approximate calculations, since 6 is never large we may substi- 
tute sin 6 for tan @. Thus in virtue of the relation m\ = 2D sin @ this 
ratio becomes, 


Em _C’ mr 
E C2 
(3) = kn, 


where k = C’)/2CD is a coefficient independent of the order of reflec- 
tion. By extrapolation for the intensity of the X-ray spectrum line of 
zero order, where theoretical considerations show that E,,/E must be unity, 
it has been shown by one of the writers’ that for the first order reflection 


1C. G. Darwin, Phil. Mag., 27, 675 (1914). 

2? This expression assumes that the effective absorption coefficient of the X-rays in the 
crystal is the same for all orders of reflection. It is possible that the effective value is less 
in the higher orders. This would mean even less rapid diminution of intensity for the higher 
orders, and the predicted change due to magnetization would be even greater. 

3A. H. Compton, Puys. REv., 9, 52 (1917). It should be noted that Bragg’s expression 
(1) must of necessity break down when applied to estimate the intensity of the zero order 
spectrum line. The extrapolation here referred to is accordingly based upon certain particu- 
lar arrangements of the electronsin the atoms. Any reasonable arrangement, however, will 
lead to values for this ratio which do not differ greatly from those here given, so these values 
cannot be much in error. 
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from a cleavage face of rock-salt the ratio E,,/E is about 1.5 and for 
calcite is about 1.2. The ratio is doubtless of the same order of mag- 
nitude for other crystals. Taking 1.3 as a mean value when n = 1, 
this gives in place of equation (3), 


(4) E,n/E = 1.30. 


The intensity of reflection should therefore be increased by a factor 
of about 1.3 in the first order, 2.6 in the second order, 3.9 in the third 
order and 5.2 in the fourth order, if the crystal is composed wholly of 
atoms of the Rutherford type which are oriented with their axes parallel 
to the magnetic field. 

It might be supposed that in the case of magnetite the iron atoms 
only would be oriented by the magnetic field while the oxygen atoms 
would remain unaffected. While this would reduce to some extent the 
change in intensity to be expected, it is obvious that the change would 
still be comparatively large. It is thus apparent that the hypothesis 
that atoms of the Rutherford type constitute the ultimate magnetic 
particles is incompatable with the negative result of our experiment. 

Theoretical considerations seem to lead to the conclusion that, in 
order for an atom consisting of electrons revolving in orbits to be stable, 
the orbits must all lie in the same plane. It is therefore difficult to 
defend the hypothesis of a magnetic atom in which the electrons lie in 
different planes. It will be profitable, nevertheless, to consider the 
change to be expected in the intensity of the reflected X-ray beam if the 
atoms of the reflecting crystal have a more isotropic form. 

Perhaps the most nearly isotropic form that has been suggested for 
the iron atom is that proposed by Hull! to account for the X-ray spectrum 
obtained from an iron crystal. This atom has two electrons near the 
center, the remaining 24 electrons being situated at the corners of three 
similarly oriented, concentric cubes whose diagonals are in the ratio 
+ :3:1. The diagonal of the outer cube, at whose corners the “‘ valence 
electrons” are situated, he estimates as 1.25 X 10-8 cm. Itis possible to 
calculate the order of magnitude of the effect due to the change in the orien- 
tation of such atoms by the help of the formula given by Darwin’ and one 
of the writers,* in which the energy of the different orders of the reflected 
X-ray beam is expressed as a function of the distances of the various 
electrons from the mid-planes of the layers of atoms to which they 
belong and the distance between the successive layers of atoms. Since 
the value of D for the natural (111) faces of magnetite is known, 4.10 


1A. W. Hull, Puys. REv., 9, 85 (1917). 
2C. G. Darwin, loc. cit. 
"8A. H. Compton, loc. cit. 
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X 10-8 cm., the intensity of the reflected beam can thus be determined 
for any given orientation of the atoms and for any order of reflection. 
In Table I. we have shown the results of this calculation for different 
orders of reflection from magnetite. The numbers given in the second 
and third columns represent the ratio of the intensity when the crystal 














TABLE I. 

Order. £y/Ey. E2/Eu. 
Serene, | 1.000 1.004 
ees 96 1.03 
eee 86 1.09 
ei te 51 1.09 











is magnetized to its value when unmagnetized. The intensity £, for 
the unmagnetized crystal is calculated for random orientation of the 
atoms. In the second column the intensity E, is calculated for the case 
in which the cube face of the atom is parallel with the crystal face, 7.e., 
on the assumption that the magnetic axis of the atom is perpendicular 
to its cube face. The intensity Ee, used in the third column, is estimated 
for the atoms with their cube diagonals perpendicular to the crystal 
face. In performing these calculations it has been assumed that the 
oxygen atoms in magnetite have their electrons arranged in the same 
manner as in calcite! and that they are unaffected by the magnetic 
field. It is also supposed that parallel to the (111) planes of magnetite, 
which were those used in the experiment, all the atomic layers are similar 
and are similarly spaced. Whether or not these assumptions are strictly 
accurate, the change to be expected if the atoms are rotated by a mag- 
netic field should-be of the order of magnitude here estimated. 
It is obvious from these calculations that if the iron atoms in a mag- 
netite crystal are of the type suggested by Hull, a rotation of the atoms 
due to magnetization would have easily been detected in our experiments. 
The surprisingly large calculated variation in the intensity of the 
reflected beam for a magnetic atom as nearly isotropic as that proposed 
by Hull makes it appear improbable that any reasonable fixed distribu- 
tion of the electrons in the iron atom would be so isotropic as to make 
possible a rotation of the atoms without detection. There remains the 
possibility that the electrons may be arranged at random as a sort of 
atmosphere about the atomic nucleus. While this would result in an 
atom which would be on the average isotropic, it is obvious that such 
an atom would not as a whole have any polarity and could not therefore 


1A. H. Compton, loc. cit. 
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as a whole act as an elementary magnet. Subject to some uncertainty 
with regard to the extent of the orientation of the ultimate magnetic 
particles, the conclusion may therefore be drawn from our experiment 
that the elementary magnet is very probably not the atom as a whole: 

If one admits the possibility of only a very slight change in orientation 
of the elementary magnets, the effect of magnetization might have 
escaped notice even though the atoms are not isotropic. For example, 
if the iron atoms are built on Bohr’s model, the magnetic moment per 
atom will be so great that the saturation intensity of magnetization of 
iron would require a maximum change of orientation of only 6 degrees. 
This would produce an effect which if an iron crystal had been used 
would have just been detectable in our experiment, but with the crystal 
of magnetite which we employed would have been considerably smaller 
than the errors of measurement. However, the argument given above 
for the nearly complete orientation of the elementary magnets seems to 
eliminate the necessity of considering this possibility. 

Other Possible Explanations of Ferromagnetism.—There remain four 
possible explanations of the magnetic properties of iron: (1) Only a 
small fraction of the total number of atoms may be subject to orientation 
by an external magnetic field, these atoms possessing a very large mag- 
netic moment. (2) The magnetic properties of the atom may be due to a 
few electrons revolving in very small orbits, a change in the orientation 
of these orbits occurring without any change in the orientation of the 
remainder of the atom. (3) The positive nucleus of the atom may be 
magnetic and subject to orientation by the magnetic field. And (4) 
the electron itself may be magnetic and subject to orientation by the 
magnetic field. 

1. A minimum limit may be placed upon the number of atoms of the 
Rutherford type which may be turned around by the magnetic field 
without being detected in our experiment. It has been shown above 
that a complete orientation of all the atoms should increase the intensity 
of reflection in the fourth order by a factor of 5. Thus the orientation 
of 1/500th of the atoms would be sufficient to produce a change of I per 
cent. Since in our experiment we worked at only about .4 of the satura- 
tion intensity of the magnetite crystal, for complete saturation it is 
possible that 1 atom out of 200 might be turned by the magnetic field. 

Considerations of symmetry make it appear improbable that in a 
homogeneous crystal of similarly arranged atoms so small a fraction of 
the atoms should be subject to orientation by a magnetic field. But 
perhaps a more serious difficulty with this hypothesis is the large mag- 
nitude of the magnetic moment which it is necessary to assign to the 
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particular iron atoms which are subject to orientation. The magnetic 


moment per atom in magnetite is 
saturation intensity of magnetization 


Coeeensceneeiaierinntenan ounce : = 5.1 X 10°77! e.m.u. 
number of atoms per cubic cm. 5 





This value! is of the same order of magnitude as the moment I2 X 107! 
e.m.u. of an atom of oxygen,’ for example, which can be calculated on 
the basis of Langevin’s theory of a paramagnetic gas. If, however, 
only 1 in 200 of the atoms is subject to orientation by the external field, 
the magnetic moment of the mobile atoms must be 200 X 5 X 1077! 
or I X 1078 e.m.u. Suppose that all the electrons in this atom rotate 
in coplanar orbits, each with angular velocity 4/27, as assumed by Bohr, 
The magnetic moment per electron will then be 9.2 X 107*! e.m.u.,? and 
for all 26 electrons will be 26 X 9.2 X 107! = .24 X 107% e.m.u. This 
hypothesis would thus necessitate an atom with the apparently pro- 
hibitive magnetic moment of not less than 4 times that supposed by 
Bohr. 
2. If the magnetic properties of magnetite are to be accounted for 
by a single electron in each atom rotating in an orbit whose plane can 
be altered without changing the orientation of the atom as a whole, 
it can be shown that the radius of this orbit must be less than 1 X 107° 
cm. in order to account for the negative result of our experiment. A 
study of the relative intensities of the different orders of an X-ray spec- 
trum line shows, however,‘ that the outer electrons of an atom are at a 
distance of the order of I X 10~-§ cm. from the center of the atom. If 
the mobile electrons are rotating about the nucleus, this hypothesis 
would therefore mean that the electrons responsible for the atom’s 
magnetic properties are in one of the inner rings whose radius is less 
than 1/10 that of the atom. There are a number of effects, however, 
which are difficult to explain unless an atom’s magnetic properties 
depend upon its surface electrons. Among these may be noted :° 
1. The profound effect of chemical constitution on the magnetic proper- 
ties of an atom, 

2. The effect of temperature on magnetic properties, 

3. The effect of mechanical jars in facilitating the orientation of the 
elementary magnets. 

These phenomena make it appear improbable that the ultimate magnetic 

1S. Dushman, Theories of Magnetism, p. 44. 

2 Ibid., p. 24. 

30. W. Richardson, Electron Theory of Matter, p. 395. 


4A. H. Compton, Puys. REv., 9, 52 (1917). 
5 Cf. K. T. Compton and E. A. Trousdale, loc. cit. 
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particle consists of a ring of electrons revolving as near the center of the 
atom as the result of our experiment requires. 

It is possible, however, that these small orbits may be those of the 
outer valence electrons revolving about positions of equilibrium. If 
this is the case, there must be intense forces acting on these electrons 
of a kind concerning which we have as yet no knowledge. Thus the 
central force required to hold an electron in so small an orbit with angular 
momentum sufficient to account for the magnetic moment of the iron 
atom in magnetite must not be less than that due to a positive charge 
of 10 electronic units placed at the center of the orbit. In view of our 
ignorance concerning the character of the infra-atomic forces, it cannot 
perhaps be said that forces of this magnitude do not occur near the 
surface of the atom. We have, however, no other reason to suspect 
the existence of such forces, and the assumption that they exist would 
mean a very radical departure from our usual ideas of electrodynamics. 
One would therefore wish to consider this explanation of our experiment 
only as a last resort. 

3. The considerations just brought forward as indicating that the 
magnetic properties of an atom depend in large measure upon its surface 
electrons are of equal weight as opposed to the hypothesis that the 
positive nucleus is the elementary magnet. Moreover the experiments 
of Barnett on magnetization! by rotation and by Stewart on rotation 
by magnetization? show that at least the major part of ferromagnetism 
is due to the motion of negative electricity. This is difficult to explain 
if the positive nucleus of the atom is the ultimate magnetic particle. 
Our experiment, however, brings forth no new evidence on this point. 

4. It is clear that the result of our experiment is in accord with the 
hypothesis that the electron itself is the ultimate magnetic particle, 
unless the electron is assumed to have dimensions so great that a change 
in its orientation will produce an appreciable effect. Let us suppose 
with Parson® that the electron is a ring of electricity with a magnetic 
axis perpendicular to its plane, and in addition that on magnetization the 
axis of the electron is brought perpendicular to the reflecting surface of 
the crystal. If all the electrons are oriented by magnetization and if it 
is assumed that the different elements of the electron move under the 
action of the incident wave as if they were independent charged parti- 
cles of definite mass, calculation then shows that the effect should not 
be noticeable in our experiment if the radius of the electron is less than 
4 X10-"cm. Thus if the radius is 2 X 107 cm. as one of us has esti- 


1S. J. Barnett, loc. cit. 
. 2J. Q. Stewart, loc. cit. . 
3 A. L. Parson, Smithsonian Misc. Collections, Nov., 1915. 














476 ARTHUR H. COMPTON AND OSWALD ROGNLEY. - om 


mated on the basis of the scattering of X-rays and gamma rays,! the 
hypothesis that the electron is the ultimate magnetic particle is in accord 
with our experimental results. 

Conclusions.—The fact that on magnetizing the crystal of magnetite 
the intensity of the reflected X-ray beam did not change by as much 
as I per cent. in any of the first four orders therefore supports the con- 
clusion of K. T. Compton and E. A. Trousdale that the elementary 
magnet in a ferromagnetic substance is not a group of atoms. 

Subject to the validity of our argument for the nearly complete 
alignment of the elementary magnets with the external magnetic field, 
it is also apparently impossible to explain this result on the hypothesis 
that the atom as a whole acts as the ultimate magnet, since an orientation 
of the atoms by the applied magnetic field would have made a noticeable 
change in the intensity of the reflected X-ray beam. 

The hypotheses that only a small fraction of the atoms are turned 
by the magnetic field or that the magnetic effects are due to certain 
electrons whose orbits may change without affecting the remainder of 
the atom, have not appeared to be plausible explanations of our result. 

Our experiment is in accord with the suggestion that the magnetic 
properties of matter are due either to the nucleus of the atom or to the indi- 
vidual electrons. Auxiliary evidence, however, indicates that the electron 
is the more probable elementary magnet. 

This experiment was performed in the Physics Laboratory of the 
University of Minnesota during the winter-of 1916-17. We take pleasure 
in thanking Professor K. T. Compton, of Princeton University, for his 
helpful suggestions in interpreting the results of this work. 

A. H.C., 

Cavendish Laboratory, Cambridge. 

O. R., 


Bureau of Standards, Washington. 
May 22, 1920. 


1A. H. Compton, Puys. REV., 14, 31 (1919). 
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ON THE FREE OSCILLATIONS OF SPHEROIDS. 


By RAJENDRA NATH GHOSH. 


SYNOPSIS. 


Oscillations of liquid drops, assuming the potential energy for any momentary 
form to be that due to capillarity only. Rayleigh’s method of energy is applied so 
as to yield a formula for the frequency of oscillation for cases where the momentary 
surface differs from that of equilibrium by a spherical harmonic deviation of arbi- 
trary order and rank. 


HE theory of oscillations due to capillarity of spherical drops and 
cylinders of liquids has been discussed in detail by the late Lord 
Rayleigh,! when the displacements of each particle are infinitesimal. 
In practice the theory requires certain modifications, as has been shown 
by Pederson? and Bohr,’ of whom the latter has particularly found that 
the discrepancy between theory and practice is due mostly to the finite 
displacements of the particles, and has calculated the effect in the simple 
case of two-dimensional oscillations of circular laminz of fluids. The 
case of spheroidal drops of fluids does not seem to have been touched, 
and the present note contains an attempt to that effect. We shall follow 
Rayleigh’s method of energy, and make use of Spheroidal Harmonics in 
the Calculation. Professor G. H. Bryan‘ has discussed the forced 
oscillations and waves on a rotating spheroid. He has shown that the 
frequency of free waves depends upon the eccentricity of the spheroid, 
the rank and degree of the Harmonics. In the present case of free 
oscillations due to capillarity, the frequency depends entirely upon 
the dimensions of the spheroid, the capillary force and the rank and 
degree of the Harmonics. 
In order to effect the calculation, we begin by putting down the 
volume and surface of a spheroid having a and c for axes, a < c. 
The volume V is given by 


V = 5 act (1) 


and the surface S is approximately given by 
S = 4nc?(1 — 4e’). (2) 


1 Theory of Sound, Vol. 11, Arts. 364. 
? Phil. Trans., Vol. 207 (1907). 
3 Phil. Trans., Vol. 209 (1909). 
4 Phil. Trans., Vol. 150 (1889). 
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Let us now assume that the radius vector bounding the liquid surface 
at time ¢ at any point, 6, ¢, is given by! where P,*(u) is the associated 








r=a+ »» anP,*(u) cos sp (3) 
function. | 


For the deformed walame V’ included within the liquid surface we 
have 





t on heads Fee oe OTH 
. ge +” ee = st (4) 


Since the density of the fluid remains the same we have after equating 
the volumes V and V’ 


ao| 1 + : sys aoe ate {| = (1 — e) "8. (5) 


an+in-—s! 





The deformed surface S’ is determined by the integral 


— - re ‘ dr I I dr 
Sm [Of ate le +3(%) tas (He) | 


On substituting the value of r from (3) we obtain 


2a 2 ! 
[ f Pdudy = 4nae + S_ 2 
= 


an +i1n-—s! 
Ir c(g 5) at 
= ie? ft f (1 — pw?) )| P, “w | cos sodudd. 


In order to effect the integration we observe that 


PP | a= > P n*(yt) | du 





—1 


+1 


+1 2 
= fy lPW Pau — nn +9) } [Pat(u) Pd 
or 


f a) | oP, “w | ds _2n(n+1)n+s!_ sn+s! 


an+1 n—s! in-—s!' 








_— 


Dias f- f a — 0) 2 P, “iw | a cos* s¢dp 


$7 raeinle +1)n+s! -2rsa,2n+s! 

: an+1 n—s! 2 n—Sj 

1 This has been shown in the case of spherical drops. Todhunter’s Functions of Laplace 
Lame and Bessel, Art. 138. See also Byerly’s Spherical Harmonics, page 197. 
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and lastly 


dr Tans n+s! } 
tf" ft —(¢ dude = > 2 n-—s!" 








Therefore the whole deformed surface S’ is equal to 


aa 





= gnad + oT (nt tn $2) (6) 


The velocity potential y of the fluid motion must aim the equation 
0 » OW I dy 7 fe) ‘ oy = Py 
where yu, ¢ and £ form an orthogonal system of coérdinates. The solu- 

tion of this equation is given in tesseral Harmonics 











y= »» BnPn'*(u)Pn'(£) Cos Sd, (7) 
; waiter). .&=-ne-41~-t). 4 
Pn (~) = Qn ole + 2(2n — 1) g + eee , 


B,, being determined from the boundary condition where we must have 
oF. _ O% 
ds,  —- Ot 


The kinetic energy T of fluid motion is given by the volume integral 


roof FS (RY + (By +(e 


or by Green’s theorem since A*?y = 0 we obtain 


wr +1 oy 
as 4 ae 
T te | f v 55, suds. 


Evaluating the integral we obtain 


™pB,k n+s! 0(pn*é) 


~ @(2n +4 1) .- ‘ss! Pn Pn*(£o) - Oko ’ (9) 


when E = Eo. (8) 


where k = a/éo. 
From the condition expressed in (8) we obtain the value of B, 


I 
B, _ = (2) APn*(Eo) . 





dt 

d£o 

hence the kinetic energy is finally found to be given by 
_F R*Pn* (Eo) (£0) 
Tp n+s dan 
eae Ie 5 nt 
* [Sia = Se. (Ss 7 ': (10) 
0 


1G. H. Darwin, Phil. Trans., 1901, page 461. 








480 RAJENDRA NATH GHOSH. ——_ 

_The potential energy V of the system in any configuration, due to the 

capillary force, is simply proportional to the increment of the surface, 

viz., S’ — S. Hence we get the potential energy 

(wv +n—2) n+s! 
2an+ 1 n—s!’ 





(11) 


V = > Tran 
1 


where T is the capillary force. 

The sum of the potential and kinetic energies must always be constant, 
from which we readily obtain the relation 

dpn*(£o 
4r°N? = (n + 2)(n —or -e° =a , where N is the frequency. 
” pn*(t) | (approxi) 

The above formula is proposed tentatively, though we have no means 

at present to test it by experiment. 


EwInG CHRISTIAN COLLEGE, 
ALLAHABAD, INDIA. 
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SOFT X-RAYS; A NOTE OF INTERPRETATION. 


By H. M. DapourIiAn. 


SYNOPSIS. 


Discussion of Earlier Paper.—Some of the results described in an earlier paper 
are discussed and are shown to be capable of interpretations different from those 
given by Miss Laird. 

Additional Facts.—Certain experimental details and results which did not appear 
in the original paper are given here as further evidence for the soundness of the 
conclusions therein derived. 


NOTE! by Miss Elizabeth Laird, appearing in the April number 
of this journal raises several questions concerning the results 
described in my paper on soft X-rays.” 

Miss Laird perhaps did not read my paper with the utmost care since 
she says, ‘‘ No statement is made of the vacuum obtained,” notwith- 
standing my paragraph on page 237 in which occurs the following sent- 
ence: ‘‘ The three-forked brass tube, 7, connects each of the three 
compartments of the main apparatus directly to a charcoal-liquid-air 
bulb through a glass stopcock with a bore one cm. in diameter.’’ This 
statement, I thought, would be sufficient to convey to the ordinary 
reader the fact that a liquid-air vacuum was maintained during the 
experiments in question and did not consider it necessary to put in my 
original paper the following reassuring details: Before taking each set 
of readings the large stopcock L, Fig. 1, was closed and the cocoanut 
charcoal in the liquid-air-charcoal bulb, B, was re-vitalized by pumping 
the bulb (while the bulb was heated by means of a Bunsen burner) 
with an oil pump capable of giving a pressure of 0.001 mm. After 
pumping for about an hour the valve, M, was closed to reduce the 
distillation of mercury vapor from the McLeod gauge into the charcoal 
bulb. Then the small stopcock, s, was closed and a two-liter flask with 
liquid-air was applied to the charcoal bulb. The tubing connecting 
the charcoal bulb to the main apparatus was about 12 mm. in diameter 
and only about 30 cm. long. 

Again, Miss Laird says, ‘‘ My apparatus was more favorable as 
the airtight window kept out ions and positive rays.’’ By this and 


1 PHYSICAL REVIEW, I5, Pp. 293, 1920. 
2? PHYSICAL REVIEW, I4, P. 234, I9I9. 
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by repeated emphasis upon her “ airtight window ” she gives the im- 
pression that the window of my apparatus was not airtight and that 
airtightness was necessary. Had Miss Laird read my paper with more 
care she would have found in it the following facts: (a) that my apparatus 
was so constructed that the window could be made successively airtight 


Fig. 1. 


yet open to radiation, open to everything, or closed to everything; 
(b) that it was used in these three ways; and (c) that airtightness of the 
window was shown to be unnecessary. 

In questioning the effectiveness of my electrostatic trap Miss Laird 
says, ‘‘ Nothing is said as to whether the field was reversed or not,” 
and brings in the evidence that the field in the electrostatic trap was not 
radial. As a matter of fact, in some of my preliminary experiments the 
field was reversed; furthermore the plates of the trap were connected 
to the terminals of a battery the middle point of which was to earth; 
this could be done because both of the plates were insulated. It was 
found that so long as the field was sufficiently strong the trap was effective 
irrespective of the way it was obtained. Consequently it was not con- 
sidered necessary to insulate both plates in the final apparatus. Had 
not this result been obvious from elementary theoretical considerations 
and had I not developed a strong reaction against padding scientific 
papers with unnecessary facts and formulas, I certainly would have 
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incorporated the foregoing information in my paper. As to the distri- 
bution of the field, a little consideration will show that the effectiveness 
of the electrostatic trap depends not upon whether the field is radial 
or not but upon whether it is at right-angles to the velocity of the charged 
particles or not. This condition was fulfilled by my apparatus. As a 
further criticism Miss Laird says that ‘light is not thus trapped ”’ 
by my electrostatic trap. She seems to forget that the only kind of 
“light”’ which could produce the radioelectric effects measured was the 
radiation due to bombardment by cathode-electrons and that it was 
the function of the electrostatic trap to permit the free passage of that 
“light”’ and not to trap it even if it could. 

On page 294 Miss Laird says, ‘“‘ Dadourian’s second argument rests 
on his attempts to measure the velocity of his photoelectrons. In Fig. 4 
he shows a curve obtained by the retarded field method at 390 volts on 
the discharge tube. At this potential the presence of an X-radiation 
is not doubted, though it may be accompanied by light and other effects. 
I have previously shown a curve (Fig. 6, Curve II.) at 550 volts not 
intersecting the axis until 20 volts retarding potential is reached, as 
compared with his 5 volts.”” Here Miss Laird gives the impression that 
I had obtained doubtful evidence for the production of radioelectrons 
of only 5-volt velocity while she had obtained electrons having velocities 
corresponding to 20 volts. But here it must be remembered that the 
curve (I. of Fig. 4) which she selects for‘comparison represents the 
results of a preliminary experiment, that while it crosses the potential 
axis at — 5 volts there is another curve in the same Fig. 4 which inter- 
sects the potential axis at — 27 volts, and that in Fig. 5 there is a curve 
which represents results obtained under more favorable experimental 
conditions and which does not intersect the potential axis at all. 

Referring to the effect of the field of the outer gauze upon the field 
of the inner gauze of my radioelectric chamber Miss Laird says, ‘‘ Since 
in Dadourian’s experiments + 5 volts sufficed to hold back the great 
majority of photoelectrons, the use of + 200 volts on the second gauze 
makes it highly probable that the effect of this was to counteract the 
assumed retarding field.”” There is no need to wander in the realm of 
probability in this connection. A glance at curve III. of Fig. 4 shows 
that the effect which Miss Laird would explain away by means of the 
second gauze is just as prominent in results obtained without the second 
gauze. Furthermore a comparison of the two curves of Fig. 5 shows 
that the effect in question is increased considerably by lamp-blacking 
the gauzes in spite of the + 200 on the second,gauze. Miss Laird’s 
appeal in this connection to Von der Bijl’s work with amplifiers does 
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not alter the situation. In amplifiers the grid is made of fine parallel 
wires whose distance apart is about equal to their distance from the 
plate and the source of electrons is very near the grid wires, while in 
my experiments gauzes with I mm. meshes were placed more than 3 mm. 
apart; the effective distance of the source of electrons from the inner 
cage being over 20 mm. Considering the relative dimensions involved 
and applying the inverse square law I find that the infiltration effect of 
the field of the ‘“‘plate’’ into the ‘‘grid’’ should be in my apparatus less 
than one tenth of one per cent. of the effect in the amplifiers used in 
wireless work. 

Miss Laird also finds one contradiction in my paper. She says, 
“It may be noted that the curves of Fig. 3 show apparently a greater 
proportion of the effect measured transmitted by celloidin at 80 volts 
than at 380. Contrary to what is given in Fig. 8.’’ The part of the 
curves corresponding to 80 volts from which Miss Laird computes the 
proportion transmitted by the celloidin could not be used for that 
purpose because the corresponding readings were very small and con- 
sequently involved relatively large errors of observation. In the figure 
these readings appear measurable because curve I. was plotted on a 
very large scale in order to make its initial point coincide with that of 
the corresponding curve for 380 volts. It is stated in my paper that the 
curves were plotted on different scales. With her experience with 
cathode voltages below 200 she of course knows that the curves of Fig. 3 
could not be used for comparing the transparency of the celloidin window 
for different cathode voltages. 

The main object of Miss Laird’s note is to question that soft X-rays 
are produced by cathode potentials below 200 volts. By different 
methods H. Dember,! R. Whiddington,? and Sir J. J. Thomson* obtained 
evidence for the production of soft X-rays with as low cathode potentials 
as 18.7, 128, and 10 volts, respectively. In a previous paper* Miss Laird 
disposed of these men and their evidence with the statement: ‘‘ Various 
experiments make the results of previous observations of a Réntgen 
radiation produced by cathode rays of less than 200-volt velocity appear 
doubtful.’”’ Miss Laird now admits that some kind of radiation must 
be produced by the impact of clectrons moving with less than 200 volt 
velocity but denies that this radiation can be called soft X-rays. She 
says, “‘ It is not questioned that electrons of less than 200-volt velocity 
produce radiation by impact, but there appears as yet no proof that 


1H. Dember, Verh. Deutch. Phys. Ges., 15, p. 560, 1913. 
2 R. Whiddington, Camb. Phil. Soc., 17, p. 144, 1913. 

3 J. J. Thomson, Phil. Mag., 28, p. 620, 1914. 

4E. R. Laird, Ann. der Phys., 46, 605, 1915. 
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such radiation lies in the region designated as belonging to soft X-rays.” 
Here the discussion is brought to a question of definition of the term 
soft X-rays. Miss Laird does not state the limits of “‘ the region desig- 
nated as belonging to soft X-rays,”’ for no such limits had been designated 
until for reasons of expediency I defined the term ‘ soft X-rays” in 


gny paper as radiations, produced by the impact of electrons, which fall 
between the shortest known ultra-violet rays and the longest waves of 
characteristic X-radiation measured at the time my paper was written. 
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VELOCITY OF SOUND FROM A MOVING SOURCE. 
By R. B. ABBoTT AND J. W.-COooK. 


SYNOPSIS. 


Poynting'’s Theoretical Velocity Equation and a discussion of it are quoted from 
his original article. The equation is X = (E — roU*)(dy/dx), where X = external 
pressure, U = resultant relative velocity of propagation, E = elasticity, dy/dx 
= volume change and ro = density. The corroborations obtained by Major Alter 
are stated to be: first, hearing the whistle of high velocity shells before they strike a 
target near the observer; second, calculations, based upon Poynting’s equation, 
of the velocities measured by Mach, Berthelot and Wolf at various distances from 
the points of explosions. The calculated values agree with the observed values. 

Observations taken in the laboratory did not show any change in the velocity of 
sound due to a spark source moving 8,550 cm. per second. The source consisted of a 
spark gap mounted on the end of a vane rotating 30 R. P.S. The spark was made 
to occur at the same point once in a revolution. Opposite points on the spherical 
wave front were located by two telephone transmitters and one receiver connected 
to a differential transformer. A minimum sound in the receiver indicated that 
the wave front arrived at the two transmitters simultaneously. The radii of the 
spherical waves measured varied from 190 to 260 centimeters. Normal room 
temperature and pressure prevailed. 


POYNTING’S THEORY. 


N certain recent observations and calculations, there has arisen in 
connection with wave propagation, an important problem with 
regard to the relative velocity of the waves emitted from a moving 
source. This problem appears to have been first considered by Poynting! 
in the form of an equation which he has developed for the propagation 
of longitudinal waves in an elastic medium. 

In the words of the article: 

“The velocity with which waves of longitudinal disturbance travel 
in the air or in any other fluid can be calculated from the resistance to 
compression and extension and the density of the fluid... . 

‘‘ Whatever the form of the wave, we could always force it to travel 
on with that form unchanged, and with any velocity we chose, if we 
could apply any ‘external’ force we liked to each particle, in addition to 
the ‘internal’ force called into play by the compressions and exten- 
sions... . 

1 Encyclopedia Britannica, Vol. 25, 11th ed., p. 440. Poynting’s Equation is: , 

X = (E — roU*)(dy/dx). (5) 
X, external pressure; U, resultant relative velocity of propagation; E, elasticity; dy/dx 
volume change; ro, density. 
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‘We shall investigate the external force needed to make a train of 
plane waves travel on unchanged in form with velocity U. . . . 

“We shall regard the external force as applied in the form of a pres- 
sure X per square centimeter parallel to the line of propagation and 
varied from point to point as required in order to make the disturbance 
travel on unchanged in form with the specified velocity U. In addition 
there will be the internal force due to the change in volume, and con- 
sequent change in pressure, from point to point. . . 

“‘ Suppose that the whole of the medium is moved backward in space 
along the line of propagation so that the undisturbed portions travel 
with the velocity U. The disturbance, or the train of waves, is then 
fixed in space, the fresh matter continually enters the disturbed region 
at one end, undergoes the disturbance, and then leaves it at the other 
ee 

“If then we apply a pressure X given by (5)! at every point, and 
move the medium with any uniform velocity U, the disturbance remains 
fixed in space. Or if we now keep the undisturbed parts of the medium 
fixed, the disturbance travels on with velocity U if we apply the pressure 
X at every point of the disturbance.” 


CORROBORATIONS. 


Major Dinsmore Alter! reports very interesting results noted while 
aboard a target-pulling tug. In listening for the whistling of shells 
coming directly towards the tug at about twice the normal velocity of 
sound, those aboard were able to hear, before the splash occurred, 
four out of seven shells fired. The whistling, in these cases, preceding 
the splash by about two seconds. He also states that more than half a 
dozen coast artillery officers have told him of hearing the whistling 
before the shell struck. 

Major Alter determined the excess velocities, over the normal, from 
data obtained by Mach, Berthelot and Wolf? on the velocity of explosive 
sounds at various distances from the point of explosion and compares 
these with the excess velocities which would be expected by Poynting’s 
equation. He finds these to agree very closely, thus seeming to cor- 
roborate the dependency of the velocity of the longitudinal sound waves 
upon the velocity of the source emitting them. 


LABORATORY TESTS. 
The following laboratory methods can be employed to make experi- 
mental tests of the theory. 


-1 Lick Observatory Bulletin No. 310, Vol. [X., June 13, 1918. 
? Handbuch der Physik, Winkelmann. Band II, Seite 523-528. 
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1. Telephonic method employing similar transmitters to vary normally 
equal currents of electricity through two independent opposing primary 
windings of a telephone transformer as used by Hebb! in his determina- 
tion of the velocity of sound. 

2. Change of resistance method, in essence similar to the first, but 
employing, instead of transmitters, heated wires which change resistance 
upon the impingement of sound compressional waves. This change of 
resistance then causes an electric current to actuate two elements of a 
three-element oscillograph, the third element being used for timing. 

3. Photographic method in which the compressional wave is actually 
photographed (as already accomplished by Foley and others for stationary 
sources) in several positions as it expands, together with the moving 
source. In this way by direct measurement the relationship of velocity 
of source to velocity of waves can be determined absolutely. 

The first method; viz., by the use of the Hebb telephone transformer, 
was that adopted for the present determinations, and will be discussed 
at length. 

In order to illustrate the principle of the Hebb telephone method, 
Fig. 1 is presented. In this figure, let us assume*S to be a source emitting 
























































Fig. 1. 


sound waves at a definite, known frequency such as would be produced by: 
1. Whistle of definite pitch. 
2. Buzzer of definite pitch. 
3. Tuning fork. 
4. Spark discharge, timed. 
With such a source each compressional wave reaches the two points 


1(a) T. C. Hebb, PuysicaLt REviEw, Vol. XX., 1905, p. 89, “‘ The Velocity of Sound.” 
(b) T. C. Hebb, Puysicat REviEw, Vol. XIV., 2d Series, 1919, p. 74, ‘The Velocity ot 
Sound, and the Ratio of the Specific Heats of Air.” 
(c) Barton, Text Book of Sound, p. 536. 
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of a pair such as A and A’, or B and B’, etc., simultaneously. Conse- 
quently simultaneous similar variations in the currents of Circuit I 
and Circuit 2 are set up through the two ordinary carbon grain telephone 
transmitters, 7; and T2, placed equidistant from S at any two points 
of a pair. These currents pass through the equal primaries, P; and P» 
of the transformer, wound to oppose one another, and are neutralized 
if they are equal and simultaneous so that a minimum sound is heard 
in the telephones. In a similar manner a minimum of sound also is 
observed if 7; is at any one of the points such as F, and T> is at any other 
point on either side of S, the points being at any whole multiple of the 
wave-length from S, or placed anywhere in the field of the sound with 
differences from S of exact multiples of the wave-length. But if one 
of the transmitters be on one of the above mentioned points and the 
other be not, the compressional waves will vary the currents in the two 
circuits at different times thus inducing secondary currents in the trans- 
former which cause a sound in the telephones. Therefore, it becomes a 
very simple matter to determine the velocity of sound from the relation- 
ship 
v = nL, 

v, velocity of sound; 1, vibration frequency of source, S; L, wave-length. 
The frequency, 1, has been determined previously, and the wave-length, 
L, is measured directly by keeping one of the transmitters at a constant 
distance from S and by moving the other through several points pro- 
ducing minimum sound. The average distance between such points is L. 


EXPERIMENTAL WORK. 


A moving sound source was obtained by mounting a spark gap on 
the end of a wooden vane which was revolved by a motor running at a 
constant speed, the position of the vane upon the passage of a spark 
being controlled by a commutator attached to the vane. This vane 
was constructed of 3 inch pine 4 inches wide at the hub, tapering to 2 
inches at the ends, being 91 centimeters long, and carefully stream-lined. 
A disc 6 inches in diameter was cut from fibre and accurately bolted to 
the vane at the center. Two brass segments were dovetailed into the 
periphery of this disc 90 degrees apart, and two wires connecting them 
with the gap at the end were inlaid in the wood. The radius of the gap 
about the shaft was 45.5 centimeters, and the vane attached to an 1800 
R.P.M. synchronous motor gave a linear velocity to the source of sound 
of 8550 cm./sec. This is approximately one fourth of the velocity of 
sound. Fig. 1 illustrates the apparatus and the wiring. The spark 
coH, condenser, and lamp bank were adjusted to give but one spark 








490 R. B. ABBOTT AND J. W. COOK. pee 


discharge per half cycle with the vane stationary. Then with the 
motor running,_a single discharge was certain to be obtained at S at 
every revolution. 

In order that the minimum might be the more easily read two similar 
transmitters were selected and adjusted by means of the rheostats 
R; and R, to give as nearly as possible the same pitch and the same 
loudness of tone. This adjustment was accomplished by listening in 
at the telephone receivers to the stationary spark as an assistant closed 
and opened circuits 1 and 2 alternately, varying the resistance as sig- 
naled by the observer. The telephone receivers were placed in a room 
in another part of the building together with a signaling system both to 
eliminate outside disturbances and also to remove the tendency of the 
observer to anticipate the minima. In order to eliminate the noise of 
the motor as much as possible, two large trumpet-like tubes of wrapping 
paper with 6-inch-diameter mouths were fitted to the transmitters. 
These tubes were about 8 feet in length, and could be adjusted so that 
hardly any outside disturbance was noticeable above the spark sound. 

The method of observing with spark gap stationary or moving was 
essentially the same and was as follows: The observer was stationed at 
the telephone receivers in the distant room while the assistant operated 
the other apparatus. Transmitter JT, was placed at a measured distance 
from spark gap S, and was left fixed while transmitter 7, was slowly 
moved towards and then away from the spark gap. Each time a mini- 
mum sound was detected in the phones by the observer he signaled the 
assistant who immediately marked the position of the transmitter 7}. 
Ten such readings were obtained from each of three observers for each 
setting of JT, with the gap stationary, and a similar set was taken with 
the gap moving towards 72, and a third similar set with the motor 
reversed and the gap moving towards 7;. -Average readings were then 
computed for each set. In this way the personal equation of any one 
observer was eliminated in the average. The data obtained in this way 
are presented in the Tables I. to III. inclusive. 

If the variable velocity theory were true, in this case, we should have 
the average readings of 7, very much nearer TJ, with the gap moving 
towards the latter than with the gap stationary. Similarly, with the 
gap S moving away from T, and towards 7, the minimum setting for T; 
should be further from 7, than when the gap is stationary. With the 
particular settings employed of 7; and 7: if we assume the theory true, 
the minimum point for the moving gap should be advanced from the 
minimum point of the stationary gap by approximately 160 centimeters. 
However, no such separation of the three minimum points occurs, and 
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TABLE I. 


Distance of T; from Spark-gap to Give a Minimum Sound in Phones, 


while T2 is Fixed at 261 Cm. from Gap. 
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Gap Moving Toward 72 


Cm. 
Veloc. = 8550 Sec. 


Gap Stationary 


Veloc. =o iF 
Sec. 


Gap Moving Towards 7; 
Veloc. = — 8550 


m. 
Sec. 
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258. cm. 259. cm. 259. cm. 
oe a. * yD a 
ae 25 * 260. “ 
_. ™ 260. “ 260.5 “ 
260. “ 260. “ m5 CU 
260.5 “ 260. ‘“ 261.5 “ 
260.5 “ y (i. Tiong —_ 
a. “ 260.5 “ 2%. * 
rg 261. “ —_ ~ 
—_— —_— 263. “ 
Means, 260. cm. 260. cm. 261.3 cm. 
OBSERVER B., 
258.5 cm. 259. cm. 260. cm. 
_ * 205 “ 260. “ 
ve le 260. “ 260. “ 
2. * 2. “ — 
20. “ 260.5 “ 21.5 * 
— = _ * ye 
2. 2“ 261.5 ‘ —_  ™ 
15 * ais * — 
262. “ 262. “* 262.5 “ 
— * 262.5 “ , * es 
Means, 260.5 cm. | 260.8 cm. 261.4 cm. 
OBSERVER C. 
259. cm. | 260. cm. | 260. cm. 
259.5 260.“ | 260.5 
260. “ 260.5 “ | a * 
260. “ 261. “ 261. “ 
260.5 ‘“ —_— a. =* 
260.5 ‘ _s ° 21.5 “ 
ma. * 225 * — 
261.5 ‘“ 263. “ mae «CO 
22. “ 263.5 “ y Se 
ao 264. “ a. ~ 
Means, 260.7 “ 261.9 cm. 261.5 cm. 














instead, within the limits of experimental error, they fall precisely 


together. 
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TABLE II. 


Distance of T; from Spark-gap to Give a Minimum Sound in Phones, 
while T2 is Fixed at 219 Cm. from Gap. 





Gap “Moving Towards 72 Veloc. Gap Stationary Veloc. Gap ‘Moving Towards 7i Veloc. 
m. 


=8550 ay — Sec. -— 





° Sec. 





OBSERVER A. 























Means, 218.2 cm. | 222.2 cm. | 219.9cm. 
OBSERVER B. , 

Means, 218.2 cm. | 222. cm. | 220.4 cm. 
OBSERVER E. 

Means, 217.8 cm. | 221.7cm. — | _—_— 219.2 cm. 
TABLE III. 


Distance of T; from Spark-gap to Give a Minimum Sound in Phones, 
while T: is Fixed at 186 Cm. from stall 








Gap Moving Towards 72 Veloc. | Gap Saltegeey Veloc. ‘leap Moving Seuapts ra Veloc. 
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Means, 187. cm. a 187.7 cm. | 189.8 cm. | 
OBSERVER B. 

Means, 190.5 cm. | _ os 187. 3 cm. " - i _ 187.9 cm. pacin 
OBSERVER C. 

___Means, 192. cm. | 186. cm. || :190.S5 cm. 





The fact that a minimum occurs with 7; at the same point whether 
the vane is stationary or rotating in either direction could not be due 
to the bringing up of the next wave, for the wave-length used was 1,104 
centimeters, and the increment required by the theory with the velocity 
used and with the distances of T; and T, from S was approximately 160 
centimeters. 

CONCLUSIONS. 

The conclusions are that the velocities of sound disturbances produced 
by a moving spark are not appreciably affected by the velocity of the gap. 

Whatever increment of velocity may have been given to the sound 
by the motion of the gap was damped out too quickly to affect the 
measurements, beyond the errors involved. 


UNIVERSITY OF CALIFORNIA, 
May 24, 1920. 
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THE SPECTRA OF CoMPOUND GASES FLOWING IN VACUUM TUBEs.! 


By W. H. Barr. 


HE spectra of compound gases were obtained in the ordinary discharge 
tube, both with the gases flowing and at rest. The gases studied were 
ammonia, nitrous oxide, nitrogen peroxide, and carbon dioxide. 

As is well known, two bands, one in the visible and one in the ultra-violet 
region of the spectrum, are usually attributed to ammonia. Of these, the 
former lasts for only a few seconds after the fresh supply of gas is cut off, 
while the latter continues indefinitely. The ultra-violet band was found to be 
four or five times as intense with the gas at rest as with flowing gas. Thus, 
the present work seems to agree with E. P. Lewis’s conclusion that the two 
bands are due to different compounds. The spectrograms show that the two 
bands are alike, in that each consists of two heads of unequal intensity; the 
more intense being on the side of shorter wave-lengths. No further structure 
was observable in the visible band with the dispersion used. 

The two oxides of nitrogen give the same general appearance in the discharge 
tube, except that the phosphorescence is more intense with flowing nitrogen 
peroxide than with flowing nitrous oxide. Similarly, the third positive group 
of nitrogen bands is more intense with the flowing peroxide. As the second 
group is at the same time reduced in intensity, the flowing gas furnishes the 
best conditions for studying the third group. This group was found to contain 
a number of bands not formerly reported. Thus, the limits of the group, as 
observed, are from \ 3458 to \ 1935 instead of \ 3007 to A 2154 as observed 
by Deslandres and by Schneiderjost, when working with air. Variations in 
the intensities of the different heads in subgroups were observed. Thus, in 
some of the new groups, the second head is more intense than the first. Rela- 
tive intensities depended also on whether the gases were flowing or at rest. 
Some bands were found, which do not fit into this group. An attempt to apply 
Deslandres’ Law showed that the wave numbers, as calculated from experi- 

1 Abstract of a paper presented at the Seattle meetiug of the American Physical Society, 


June 18, 1920. See the preceding issue of the Review for abstracts of all other papers 
présented at this meeting. 
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mental data, do not increase so rapidly in the extreme ultra-violet as the law 
requires. That is, the groups in this region are crowded together more than 
the law suggests. These facts suggest that we may have a new group of bands, 
but against this conclusion is the fact that, in structure, the new bands are 
very similar to the old ones. 

Spectrograms of the cathode glow with flowing carbon dioxide show the 
second negative group of Deslandres. A number of new bands have been 
observed, but no measurements have been made as yet. 


UNIVERSITY OF NORTH DAKOTA. 





